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Abstract

High-rate data communication over a multipath wirelessnaeh often requires that the channel response be
known at the receiver. Training-based methods, which ptbbechannel in time, frequency, and space with known
signals and reconstruct the channel response from the tosignals, are most commonly used to accomplish this
task. Traditional training-based channel estimation wdsh typically comprising of linear reconstruction tedues
(such as the maximum likelihood or the minimum mean squarest estimators), are known to be optimal for rich
multipath channels. However, physical arguments and grpwekperimental evidence suggest that wireless channels
encountered in practice exhibit a sparse multipath stradtiat gets pronounced as the signal space dimension gets
large (e.g., due to large bandwidth or large number of a@t®nnn this paper, we formalize the notion of multipath
sparsity and present a new approach to estimating spard@atinlchannels that is based on some of the recent
advances in the theory of compressed sensing. In partidula shown in the paper that the proposed approach,
which is termed as compressed channel sensing, achievegea taconstruction error using far less energy and, in
many instances, latency and bandwidth than that dictatettdoyraditional training-based methods.

Index Terms
Channel estimation, compressed sensing, Dantzig selézast-squares estimation, orthogonal frequency divisio

multiplexing, restricted isometry property, sparse clgnmodeling, spread spectrum, training-based estimation.

I. INTRODUCTION

Wireless technology has had and continues to have a profimopact on our society. It is arguably one of the

leading drivers of the Information Revolution in the 21shitgy and is expected to play an increasingly important

role in the global economic growth as the world transitiamsrf a manufacturing-based economy to an information-

based economy. Despite having a history of more than a geofuapid technological advancements, the field of

wireless communications remains far from mature. A numlbdeey technical challenges still need to be overcome

in order to realize our vision of a future with ubiquitous &lgss connectivity. Foremost among these challenges
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is designing wireless systems that not only support da&s redmparable to that of wired systems, but also enable
increased mobility while maintaining constant, reliabbmpectivity under resource constraints—energy, latesuy,
bandwidth constraints being the strictest among them. &asfally addressing this and similar challenges requires
significant technical advances on multiple fronts. One duatt is the development of signal processing techniques
for estimating multipath wireless channels using minineslaurces, and this paper summarizes the findings of some

of our recent efforts in this direction.

A. Background

In a typical terrestrial environment, a radio signal enditheom a transmitter is reflected, diffracted, and scattered
from the surrounding objects, and arrives at the receivea aaperposition of multiple attenuated, delayed, and
phase- and/or frequency-shifted copies of the originaladigrhis superposition of multiple copies of the transeaitt
signal, called multipath signal components, is the defimimaracteristic of terrestrial wireless systems, and ik bot
curse and a blessing from a communications viewpoint. Omtigehand, thisnultipath signal propagatiofeads to
fading—fluctuations in the received signal strength—tlesesely impacts the rate and reliability of communication
[1]. On the other hand, research in the last decade has shmavmultipath propagation also results in an increase
in the number of degrees of freedom (DoF) available for comigation, which—if utilized effectively—can lead to
significant gains in the rate (multiplexing gain) and/oiability (diversity gain) of communication [2]. The impact
of fading versus diversity/multiplexing gain on perforneancritically depends on the amount of channel state
information (CSI) available to the system. For example Wdedge of instantaneous CSI at the receiver (coherent
reception) enables exploitation of delay, Doppler, andfmatial diversity to combat fading, while further gains in
rate and reliability are possible if (even partial) CSI isiable at the transmitter as well [1].

In practice, CSI is seldom—if ever—available to commuri@atsystems a priori and the channel needs to
be (periodically) estimated at the receiver in order to rdap benefits of additional DoF afforded by multipath
propagation. As such, two classes of methods are commorgloged to estimate multipath channels at the receiver.
In training-based channel estimatianethods, the transmitter multiplexes signals that are kntawthe receiver
(henceforth referred to as training signals) with datayéag signals in time, frequency, and/or code domain, and
CSl is obtained at the receiver from knowledge of the trajrémd received signals. lolind channel estimation
methods, CSI is acquired at the receiver by making use of thitestics of data-carrying signals only. Although
theoretically feasible, blind estimation methods tydicakquire complex signal processing at the receiver and
often entail inversion of large data-dependent matricdschvalso makes them highly prone to error propagation in
rapidly-varying channels. Training-based methods, oncther hand, require relatively simple receiver processing
and lead to decoupling of the data-detection module fromcthennel-estimation module at the receiver, which
reduces receiver complexity even further. As such, trgiiinsed methods are widely prevalent in modern wireless
systems [3] and we therefore focus exclusively on them instttpuel; see [4] for an overview of blind approaches
to channel estimation.

One of the first analytical studies of training-based ediibnamethods for multipath channels was authored by
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Cavers in 1991 [5]. Since then, there has been a growing bbtiteature devoted to the design and analysis of
training-based methods for various classes of channetséltvorks often highlight two salient aspects of training-
based methods, nhamebkgnsingand reconstruction Sensing corresponds to the design of training signals bged
the transmitter to probe the channel, while reconstrudsatiie problem of processing the corresponding channel
output at the receiver to recover the CSI. The ability of intrey-based method to accurately estimate the channel
depends critically on both the design of training signald #re application of effective reconstruction strategies.
Much of the work in the channel estimation literature is lohea the implicit assumption of &ch underlying
multipath environment in the sense that the number of Dofhénchannel are expected to scale linearly with the
signal space dimension (product of signaling bandwidtmtsyl duration, and minimum of the number of transmit
and receive antennas). As a result, training-based metmog®sed in such works are mainly comprised of linear
reconstruction techniques, which are known to be optinatiéth multipath channels, thereby more or less reducing
the problem of channel estimation to that of designing oatitraining signals for various channel classes [5]-[12].
Numerous experimental studies undertaken by various n&ds&@ in the recent past have shown though that
physical wireless channels encountered in practice terXhit sparsestructures at high signal space dimension
in the sense that majority of the channel DoF end up beingeitero or nearly zero when operating at large
bandwidths and symbol durations and/or with large plyradit antennas [13]-[16]. However, traditional training-
based methods—relying on linear reconstruction schemtbe aeceiver—seem incapable of exploiting the inherent
low-dimensionality of such sparse channels, thereby fepth overutilization of the key communication resources
of energy, latency, and bandwidth. Recently, a number @&aehers have tried to address this problem and proposed
training signals and reconstruction strategies that alereéa to the anticipated characteristics of sparse mailtip
channels [17]-[22]. But much of the emphasis in these stuldlis been directed towards establishing the feasibility
of the proposed sparse-channel estimation methods nuatigniather than analytically. A major drawback of this
approach is that the methods detailed in the previous iiga&ins lack a quantitative theoretical analysis of their

performance in terms of the reconstruction error.

Example 1 — Delay Sparsity
To motivate the idea of multipath sparsity, take the simplaneple of a single-antenna transmitter—receiver pair

communicating at large bandwidth in a static environmehe Tinderlying multipath channel in this setting is best
described as a linear, time-invariant (LTI) system whospulse response consists of only a few dominant echoes
(due to the reflections of the transmitted signal from the@urding objects such as buildings and hills). In this
case, discretized approximation of the channel impulsporese (CIR)—essentially obtained by sampling the CIR
at theNyquist rate(twice the one-sided bandwidth)—can be accurately desgdribrough a sparse set of coefficients

since most of the samples of the continuous-time CIR woul@ddre because of the high sampling rate.

B. Scope of this Paper

By leveraging key ideas from the theory of compressed sgri&8], we have recently proposed new training-

based estimation methods for various classes of sparsesargl multiple-antenna channels that are provably more
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effective than their traditional counterparts [24]-[2@].particular, the training-based methods detailed in{22§]
have been analytically shown to achieve a target recorigiruerror using far less energy and, in many instances,
latency and bandwidth than that dictated by the traditionathods. As in the case of previous research, the exact
nature of training signals employed by our proposed methadss with the type of signaling waveforms used for
sensing (e.g., single- or multi-carrier signaling wavefe) and the class to which the underlying multipath channel
belongs (e.g., frequency- or doubly-selective channedwéier, a common theme underlying all our training-based
methods is the use of sparsity-inducing mixed-norm optatidn criteria such as the Dantzig selector [27] and the
lasso [28] for reconstruction at the receiver. These daiteave arisen out of recent advances in the theory of sparse
signal recovery, which is more commonly studied under theicuof compressed sensing these days. In the spirit
of compressed sensing, we term this particular approactsttmating sparse multipath channels @snpressed
channel sensingCCS); the analogy here being that CCS requires far fewemmamication resources to estimate
sparse channels than do the traditional training-basetiodst

The goal of this paper is to complement our existing work oars@-channel estimation by providing a unified
summary of the key ideas underlying the theory of CCS. In ora@ccomplish this goal, we focus on four specific
classes of multipath channels within the paper, namelguiacy- and doubly-selective single-antenna channels,
and nonselective and frequency-selective multiple-arderhannels. For each of these four channel classes, the
discussion in the paper focusses on the nature of the trpisignals used for probing a sparse channel, the
reconstruction method used at the receiver for recovehiegQdSl, and quantification of the reconstruction error
in the resulting estimate. In terms of modeling of the spafs@nnels within each channel class, we use a virtual
representation of physical multipath channels that repssthe expansion of the time-frequency response of a
channel in terms of multi-dimensional Fourier basis fuprasi. It is worth noting though that the main ideas presented
in the paper can be generalized to channel models that makefus basis other than the Fourier one, provided
the expansion basis effectively exposes the sparse nafutfee cunderlying multipath environment and can be
made available to the receiver a priori. Finally, most of thathematical claims in the paper are stated without
accompanying proofs in order to keep the exposition shaitatessible to general audience. Extensive references

are made to the original papers in which the claims first afguefor those interested in further details.

Il. MULTIPATH WIRELESSCHANNEL MODELING

Signal propagation in a wireless channel over multiple patives rise to a large number of propagation
parameters. However, exact knowledge of these parameteds critical for reliable communication of data over the
channel. Rather, from a communication-theoretic perspeate are only interested in characterizing ihteraction
between the physical propagation environment and thertities/receiver signal space. In this section, we review a
virtual modeling framework for multipath wireless charm#iat captures this interaction through Nyquist sampling
of the angle-delay-Doppler space. As we will later see, fitsimework plays a key role in subsequent developments
in the paper since it not only exposes the relationship batwibe distribution of physical paths within the angle-

delay-Doppler space and the sparsity of channel DoF, buot sd¢s the stage for the application of compressed
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TABLE |

CLASSIFICATION OF WIRELESS CHANNELS ON THE BASIS OF CHANNEL WD SIGNALING PARAMETERS

Channel Classification| WTmaz | TVmaz
Nonselective Channels| <1 <1
Frequency-Selective Channe|s > 1 <1
Time-Selective Channel <1 >1
Doubly-Selective Channell >1 >1

sensing theory to sparse-channel estimation.

A. Multipath Wireless Channels: Physical Model

Consider, without loss of generality, a multiple-antenharmel with half-wavelength spaced linear arrays at the
transmitter and receiver. Lé¥r and Np denote the number of transmit and receive antennas, résggctt is
customary to model a multipath wireless chankélas a linear, time-varying system [1], [29]. The correspagdi

(complex) baseband transmitted signal and channel outputetated as

H(x(t)) = / H(t, £)X( ) df 1)

whereH(x(t)) is the Nr-dimensional channel outpuX(f) is the (element-wise) Fourier transform of th&--
dimensional transmitted signal(t), andH(t, f) is the Np x Np time-varying frequency response matrix of the

channel. The matri (¢, f) can be further expressed in terms of the underlying physiatis as
NP
H(ta f) = Z ﬁnaR(oR,n)agl(GT,n)eijQTrT"fejzﬂ'Vnt (2)

n=1

which represents signal propagation odérpaths; here(-)" denotes the Hermitian operation afiglis the complex
path gain,fr, the angle of arrival (AoA) at the receivefly,, the angle of departure (AoD) at the transmitter,
7. the (relative) delay, and,, the Doppler shift associated with theth path. TheNy x 1 vectorar(67) and
the Nr x 1 vectorar(fr) denote the array steering and response vectors, respgchivetransmitting/receiving a
signal in the directio /6 and are periodic i with unit period [30]* We assume that the channel is maximally
spread in the angle spad®r,n, 01,,) € [-1/2,1/2] x [-1/2,1/2], while 7,, € [0, Tjae] @Ndv,, € [—Zupee | Zmox |
in the delay and Doppler space, respectively. Herg,. andv,, ., are termed as the delay spread and (two-sided)
Doppler spread of the channel, respectively. Estimatinfanoel havingr,,q.Vmaq= > 1 can often be an ill-posed
problem even in the absence of noise [31]. Instead, we lingitdiscussion in this paper to underspread channels,
characterized by, Vmae: < 1, Which is fortunately true of most wireless channels [32].

Finally, throughout the paper we implicitly consider siing over wireless channels using symbols of durafibn

and (two-sided) bandwidth, x(t) = On,. Vt ¢ [0, 7] andX(f) = On, ¥ f & [-W/2,W/2], thereby giving rise

1The normalized anglé is related to the physical anglg (measured with respect to array broadsidepas dsin(¢)/)\, whered is the

antenna spacing antl is the wavelength of propagation; see [30] for further detai
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to atemporal signal spacef dimensionN, = T'W [33]. Note that these signaling parameters, together vhi¢h t

delay and Doppler spreads of a channel, can be used to brdadbify wireless channels as nonselective, frequency
selective, time selective, or doubly selective; see Tabde & definition of each of these classes. As noted earlier, we
limit ourselves in the sequel to primarily discussing freqay- and doubly-selective channels in the single-antenna

setting (V = Ng = 1) and to nonselective and frequency-selective channelsamrultiple-antenna setting.

B. Multipath Wireless Channels: Virtual Representation

While the physical model (2) is highly accurate, it is difficto analyze and estimate owing to it@nlinear
dependence on a potentially large number of paramétets, Or ., 01, 7o, vn) }. However, because of the finite
(transmit and receive) array apertures, signaling bantthwhd symbol duration, it can be well-approximated by
a linear (in parameters) counterpart, known asraal channel modelwith the aid of a four-dimensional Fourier
series expansion [30], [34].

On an abstract level, virtual representation of a multipelitannel?{ provides a discretized approximation of
its time-varying frequency response by uniformly samplthg angle-delay-Doppler space at the Nyquist rate:
(AOg, A0y, AT, Av) = (1/Ng,1/Np,1/W,1/T). Specifically, the virtual representation 8, given by

Nr Nt L-1 M .
' . ? k — 27 = j2m 2
=3 D 3 30 i ktman (- )t (5 ) emitens @

i=1 k=1 {=0 m=—M

Hy (i, k, 0, m) ~ > B (4)

nESR,iNST kNSy, NSy m
approximates the actual time-varying frequency resporeteix(t, f) in the sense thak, H(t, f)X(f)e*™tdf ~
fRf{(t, X (f)e??mftdf [30], [34]. Note that due to the fixed angle-delay-Dopplenpiing of (2), which defines
the spatio-temporal Fourier basis functions in (ﬁ)(uf) is a linear channel representation that is completely
characterized by theirtual channel coefficient§ H, (i, k, ¢,m)}. From (3), the total number of these coefficients
is given by D = NypNpL(2M + 1), where Ng, Ny, L = [Wrpae| + 1, and M = [Tv,,q./2] represent the
maximum number ofesolvableAoAs, AoDs, delays, and (one-sided) Doppler shifts witthia angle-delay-Doppler
spread of the channel, respectivélffurther, the notation in (4) signifies that each coefficiéht(i, k, £, m) is
approximately equal to the sum of the complex gains of allsptal paths whose angles, delays, and Doppler shifts
lie within an angle-delay-Doppler resolution biof size A0 x Afr x AT x Av centered around the sampling
point (éRJ,éT,k,%@,ﬁm) = (i/Ngr,k/Nr,£/W,m/T) in the angle-delay-Doppler space; we refer the reader to
[34] for further details (also, see Fig. 1). In other word® virtual representatiofi[(t, f) effectively captures the
underlying multipath environment comprising 6§, physical paths througl® resolvable paths, thereby reducing

the task of estimating< to that of reconstructing the virtual channel coefficiehis, (i, k, £, m)}.

2with a slight abuse of notation, we defifi€) Tmaz] = 0 and [Tvmaqz /2] = 0 for Wmaes < 1 and Tvmas < 1, respectively.
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Fig. 1. lllustration of the virtual channel representati®CR) and the channel sparsity pattern (SP). Each squareseqis a resolution bin
associated with a distinct virtual channel coefficient. To&l number of these squares equals The shaded squares represent the &p,
corresponding to thé < D nonzero channel coefficients, and the dots represent the pahtributing to each nonzero coefficient. (a) VCR and
SP in delay-Doppler{ H, (¢, m)}s,. (b) VCR and SP in anglefH., (i, k)}s,. (c) VCR and SP in angle-delay-DopplefH, (i, k, £,m)}s,, -
The paths contributing to a fixed nonzero delay-Doppler fanent, H, (¢,,m,), are further resolved in angle to yield the conditional SP in

angle: {Hy (%, k, o, mo)}sd(fo,mo)-

Il. SPARSEMULTIPATH WIRELESSCHANNELS

A. Modeling
The virtual representation of a multipath wireless charsighifies that the maximum number of DoF in the

channel is
D= NRNTL(2M + 1) X TmazVmaz NRNTTW (5)

which corresponds to the maximum number of angle-delaypBpesolution bins in the virtual representation, and
reflects the maximum number of resolvable paths within the-tbmensional channel spread. However, the actual
or effectivenumber of DoF, in the channel corresponds to the number of nonvanishitgglichannel coefficients:

d =@k, ¢,m): |H,(i,k,¢,m)| > 0}|. Trivially, we haved < D and, by virtue of (4)d = D if there are at
least N, > D physical paths distributed in a way within the channel spreach that each angle-delay-Doppler
resolution bin is populated by at least one path (see Fig. 1).

Much of the work in the existing channel estimation literatis based on the implicit assumption of a rich
scattering environment in which there are sufficiently maaghs uniformly distributed within the angle-delay-
Doppler spread of the channel so thlat: D for any choice of the signaling parameters. Numerous pasterent
channel measurement campaigns have shown, however, thiEgation paths in many physical channels tend to
be distributed as clusters within their respective chamspeéads [13]-[16], [35]. Consequently, as we vary the
spatio-temporal signaling parameters in such channelsdrgasing the number of antennas, signaling bandwidth,
and/or symbol duration, a point comes whekXér, Aér, Ar, and/or Av become smaller than the interspacings
between the multipath clusters, thereby leading to thetdn depicted in Fig. 1 where not every resolution bin of
size AOr x Afr x At x Av contains a physical path. This implies that wireless chiswéh clustered multipath

components tend to have far fewer thBnnonzero virtual channel coefficients when operated at |bayelwidths
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and symbol durations and/or with large plurality of antesinde refer to such channelsgsarse multipath channels
and formalize this notion of multipath sparsity in the feliog definition.

Definition 1 {-Sparse Multipath Wireless Channeld)et Sy = {(¢,k,¢, m) : |H,(i, k,£,m)| > 0} denote the
set of indices of nonzero virtual channel coefficients of dtipath wireless channel. We say that the channel is
d-sparse if the number of its effective DoF satisfies: |S;| < D. The corresponding set of indic& is termed
as thechannel sparsity pattern

It is worth noting that sparsity in multipath wireless chafmis inherently tied to the choice of signaling
parameters: channels with small-enough valued/gf Nr,T', andW are bound to haveé ~ D. Nevertheless, the
trend in modern wireless systems is to operate at high spatiporal signal space dimensiddefined as:N, =
min{ N1, Ng} TW). As such, sparse channels are becoming more and more whis|irit today’s communications
landscape. Finally, while statistical characterizatidnaosparse channeH is critical from a communication-
theoretic viewpoint, either Bayesian (random) or non-Bége formulation ofH suffice from the channel estimation
perspective. In this paper, we stick to the non-Bayesiaagigm and assume that both the channel sparsity pattern

S4 and the corresponding coefficient#,, (i, k, ¢, m)}s, are deterministic but unknowh.

Example 1 (Continued)- Delay Sparsity
In order to further illustrate the idea of multipath spafs@onsider again the single-antenna setup described in

Example 1. In this case, the CIR is givenbfyr) = 22[21 ,.0(T—T7,) and its virtual representation can be expressed
asﬁ(r) = f;ol H, (2)6(7—%). Here,H, (¢) is approximately equal to the sum of gains of all echoes §)athose
delays lie within the interval; = (3% — 51, 7 + 7] and there are a total @D (= L) = [WTpao | + 1 of these
virtual channel coefficients. However, since the CIR cdai$ only a few dominant echoes (or clusters of echoes),
a large number of the intervalSZ,} would contain no echoes under the assumption of large-énsigmaling
bandwidth. Therefore, majority of the channel coefficientthis case would be zerd,= |{¢: |H,(¢)| > 0}| < L,

and we accordingly term the underlying multipath channed-aparse.

B. Sensing and Reconstruction

In wireless systems that rely on training-based method<fi@nnel estimation, the transmission of a symbol

takes the form
x(t) = %4, (t) + Xdata(t), 0 <t <T (6)

where x;,.(t) and x44:4(t) represent the training signal and data-carrying signalpeetively. Because of the
linearity of H, and under the assumption®f,.(¢) being orthogonally multiplexed witk .., (¢) in time, frequency,
and/or code domain, the resulting signal at the receivetbeapartitioned into two noninterfering components: one

corresponding tox,-(t) and the other corresponding Q... (t). In order to estimaté+, training-based methods

3We refer the reader to [36] for a Bayesian formulation of spashannels.
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ignore the received data and focus only on the training corapbof the received signal, given by
ytT(t) = H(xtT(t)) + th(t) , 0t < T + Tiaa (7)

where z;,.(t) is an Ng-dimensional complex additive white Gaussian noise (AWGHgnal introduced by the
receiver circuitry.

As a first step towards estimatiriy, the (noisy) received training signgl.,.(t) is matched filtered with the
transmitted waveforms at the receiver to obtain an equitaléscrete-time representation of (7). The exact form
of this representation depends on a multitude of factorh sscselectivity of the channel (nonselective, frequency
selective, etc.), type of the signaling waveform used farssey (single- or multi-carrier), and number of transmit
antennas. While this gives rise to a large number of possité@arios to be examined, each one corresponding to
a different combination of these factors, it turns out thaeach case elementary algebraic manipulations of the

matched-filtered output result in the following generakhln form at the receiver [24]—-[26]

vioo yNR]=\/NZTX[hU71 A A ®
H,

~—_——

Y V4

Here,£/Nr is the average training energy budget per transmit antefifeeing defined asf = f0T||xtT(t)|\§dt),

the vectorsh, ;,i = 1,...,Ng, are NyL(2M + 1)-dimensional complex vectors comprising of the channel
coefficients{ H, (i, k, £, m)}, and we let the AWGN matriZ have zero-mean, unit-variance, independent complex-
Gaussian entries. Thu§,is a measure of the training signal-to-noise ratio (SNR)aghereceive antenna. Finally,
the sensing matrixX is a complex-valued matrix havin®/Nr = NrL(2M + 1) columns that are normalized

in a way such that|X||%2 = D/Ng, where|| - || denotes the Frobenius norm. The exact form and dimensions
of X (and hence the dimensions &f andZ) in (8) are completely determined by,.(t) and the class to which

H belongs; concrete representationXofcorresponding to the various training signals and chanowfigurations

studied in the paper can be found in Sections V and VI.

Example 1 (Continued)- Delay Sparsity
Continuing with our discussion of the single-antenna setegcribed in Example 1, the general linear form (8)

in this case can be expressedyas: V€ Xh, + z. Here,h,, is an L-dimensional complex vector consisting of the
channel coefficient§ H,,(¢)}. In addition, due to the LTI nature of the channel, it is easgede that if single-carrier
waveforms are used for signaling in this setting tfrhas a Toeplitz form. On the other hand, if multi-carrier
waveforms are used for signaling théd corresponds to a submatrix of as, x N, unitary discrete Fourier

transform (DFT) matrix. The two signaling scenarios arewdised further in extensive details in Section V-A.

As noted in Section I-A, training-based channel estimatitethods are characterized by the two distinct—but
highly intertwined—operations of sensing and reconstoactThe reconstruction aspect of a training-based method
involves designing either a linear or a nonlinear proceduat produces an estimate Hf,, at the receiver from the

knowledge of¢, X, andY: H®' = H®*!(£, X,Y), where the notation is meant to signify the dependend@@¥ on
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£,X, andY. The resulting estimate also has associated with it a récmt®n error given byE [||H, — HE||%],
whereE denotes the expectation with respect to the distributio#.ofhe corresponding sensing component at the
transmitter involves probing the channel with a trainingnsil that minimizes this reconstruction efror

x(P(t) = argmin E [A (H)] )

Xt (t)

where we have used the shorthand notatiqi#l) = || H, —H||% in the above equation. As a measure of its spectral
efficiency, the resulting training signal also has assediatith it the concepts ofemporal training dimensions
defined asM,, = #{temporal signal space dimensions occupiedx¥(¢)}, and receive training dimensions
defined asN,, = M, x Ng. Since every receive signal space dimension utilized faining means one less

dimension available for communication, the effectivenafsa particular training-based method for a fixed training

opt
tr

SNR £ is measured in terms of both the receive training dimensidhs, dedicated tax,, (¢) and the ensuing
reconstruction erroE[A (HES!(x)].

Traditional training-based methods, such as those in 1Z}-have been developed under the implicit assumption
that the number of DoRd, in ‘H is roughly the same as the maximumoessiblenumber of its DoF:d ~ D.
One direct consequence of this assumption has been that lmecedures have become the de-facto standard for
reconstruction in much of the existing channel estimatiterdture. In particular, with a few exceptions such as
[17]-[22], nearly all training-based methods proposedim past make use of the minimum least squares (LS) error

criterion—or its Bayesian counterpart, the minimum meanasgd error criterion, for a Bayesian formulation of

2
Y—,/NiXH
T F

This is a well-known problem in the statistical estimatiderhture [37] and its closed-form solution is given by

H'S = /N7 /€ XY, whereX' is the Moore—Penrose pseudoinverseXofin order to ensure that (10) returns a

‘H—to obtain an estimate dfl, fromY

H.®° = arg min
H

(10)

physically meaningful estimate—in the sense tHaf equalsH, in the noiseless setting—reconstruction methods

based on the LS error criterion further require that the isgnmatrix X has at least as many rows &% Ng,

H'S = ,/% (XMx)'x"Y (11)

where it is assumed that the training sigmal(¢) is such thatX has full column rank. It is easy to show in this

resulting in the following form foiH.®

case that the accompanying reconstruction error of a L8ebakannel estimation method is given by
trace ((XHX)~1) - NgV.
B[ ()] = 2 2 ) Naliz (12)

This expression can be simplified further through the uséefarithmetic—harmonic means inequality, resulting in

the following lower bound for the reconstruction error (seqy., [38, Th. 1])

(@ (D/Ng)*- NgNr ) D-Nr
Ela(H?)] 2 trace (XHX) - & T ¢ (13)

4Recall thatH! depends on the training signat,(¢) through X.
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where the equality ir(a) holds if and only if X has orthonormal columns, whilg) follows from the fact that
trace(X"X) = ||X||2 = D/Ng. Consequently, an optimal training signgf'(t) for LS-based estimation methods
is the one that leads t&"HX = In,L2m+1), @nd much of the emphasis in the previously proposed methasls
been on designing training signals that are not only optimé#ie reconstruction error sense, but are also spectrally

efficient in the receive training dimensions sense [5]-[12]

IV. COMPRESSEDCHANNEL SENSING. MAIN RESULTS

The preceding discussion brings forth several salientadtaristics of traditional training-based methods. First
these methods more or less rely on LS-based linear recatististrategies, such as the one in (11), at the receiver
to obtain an estimate aoH,. Second, because of their reliance on linear reconstrugiiocedures, the training
signals used in these methods must be such that the ressétirging matrixX has at leasD/Ng rows. As noted
in Table II, depending upon the type of signaling waveforraedifor training and the channel class to whigh
belongs, this requirement often translates into the cardihat the number of receive training dimensions deditate
to x;,(t) must be at least as large as the maximum number of DOR:inV;, = Q(D);® see Sections V and VI
for further details on this condition. Third, regardlessttoé eventual choice of training signals, the reconstractio
error in these methods is given BJA(H:®)] = Q(D - (Nr/£)).

In the light of the above observations, a natural questioastois:how good is the performance of traditional
training-based methodsh fact, if one assumes that is not sparsgin other wordsd = D) then it is easy to
argue the optimality of these methods [37]: K} in this case is also the maximum-likelihood estimat&hf, and
(i) the reconstruction error lower bound (13) is also ther@er—Rao lower bound, which—as noted earlier—can
be achieved through an appropriate choice of the trainiggadi However, it is arguable whether LS-based channel
estimation methods are also optimal for the case wheéris d-sparse. In particular, note that sparse channels
are completely characterized 2y parameters, which correspond to the locations and valuemfero virtual
channel coefficients. Our estimation theory intuition &fere suggests that perhaBfA (H®)] = Q(d - (N7 /€))
and, for signaling and channel configurations that reqife= (D) in the case of LS-based estimation methods,
Ny = Q(d) are the actual fundamental limits in sparse-channel esbma

In the sequel, we present new training-based estimatiohadstfor six particular signaling and channel configura-
tions (see Table Il) and show that our intuition is indeedectr(modulo polylogarithmic factors). In particular, ayke
feature of our approach to estimating sparse multipathredlan—originally proposed in [24] for frequency-selective
single-antenna channels and later generalized in [25] tf26ther channel classes—is the use of a sparsity-inducing
mixed-norm optimization criterion for reconstruction betreceiver that is based on recent advances in the theory of
compressed sensing [23]. This makes our approach—termashasressed channel sensing (CCS)—fundamentally
different from the traditional training-based methodg thrmer relies on a nonlinear reconstruction proceduréewhi

the latter utilize linear reconstruction techniques. Nibtat a number of researchers in the recent past have also

SRecall Landau’s notationf,, = Q(gn) if Ico > 0,716 : Y1 > no, fn > co gn; alternatively, we can also writg, = O(f»).

April 20, 2009 DRAFT



12

TABLE Il

SUMMARY AND COMPARISON OF CCSRESULTS FOR THE SIGNALING AND CHANNEL CONFIGURATIONS STUMD IN THE PAPER

o ) ) Traditional Methods Compressed Channel Sending
Channel Classification Signaling Waveform — —
Recon. Error| Condition Recon. Error Condition
Frequency-Selective Single-Antenng ~ Single-Carrier =2 — =<4 .logD No = d? -log D
= ulti-Carrier == tr = = ¢ log tr = d-log” No
(D=1) Multi-Carri =D Ny =D | =%.logD | Ny =d-log® N
Doubly-Selective Single-Antenna Single-Carrier =2 — =<4 .logD No = d? -log D
= ulti-Carrier == tr = = ¢ log tr = @ -log” No
(D=LE2M+1)) Multi-Carri =D Ny =D | =%.logD | Ny =d-log® N
Nonselective Multiple-Antenna D-N. d-N. D
(D = NpNr) — = 2L | New=D | 2 %gT logD | Nip=d-log G
Frequency-Selective Multiple-Antenng . . D-Np d-Np 5
(D = NpNrL) Multi-Carrier = =z Nip =D | 2 =L -logD | Nir = d-log® No

a Displayed using Hardy's notation for compactnegs: > g» and f,, < gn for fn = Q(gn) and f, = O(gn), respectively.
b The last two conditions in the second column are for the cdsnvthe conditional sparsity of each AoA equals the averay® gparsity.

proposed various training-based methods for sparse rathtighannels that are based on nonlinear reconstruction
techniques [17]-[22]. The thing that distinguishes CCSnfrihe prior work is that the CCS framework is highly
amenable to analysis. Specifically, in order to give a surgrofithe results to come, define teenditionalsparsity
pattern associated with theth resolvable AoA to beS,(i) = {(i, k, ¢, m) : (i, k,£,m) € Sq}. Then it is shown in

the sequel that:

R.1 The performance of CCS in terms of the reconstruction esgq@rovably better than the traditional methods.
The training signals and reconstruction procedures spdcify CCS for the signaling and channel configu-
rations studied in the paper ensure tAI*) = O(d - (N7 /€) - log D) with high probability.

R.2 CCS is provably more spectrally efficient than the tradiilomethods. Assume that the conditional sparsity
of each AoA is equal to the average AoA sparsit§y(i)| = d/Ng,i = 1,..., Ng. Then while traditional
methods require thaWv,,, = Q(D) for certain signaling and channel configurations, CCS oabyires that

Ny = Q(d x polylog facto) for the same configurations.

ConverselyR.1 andR.2 together imply that CCS achieves a target reconstructimor @ising far less energy and,
in many instances, latency and bandwidth than that dictayethe traditional training-based methods.

Table Il provides a compact summary of the CCS results as fegtain to the six signaling and channel
configurations studied in the paper and compares them todhresponding results for traditional training-based
methods. One thing to point out in this table is the CCS camliv, = 2(d? - log D) when using single-carrier
signaling waveforms for estimating single-antenna chinriéis conditionseemdo be nonexistent for traditional
methods. Note, however, that in order to make the columniX af close to orthonormal as possible—a necessary
condition for the LS-based reconstruction to achieve thetdound of (13)—traditional methods implicitly require
that the temporal signal space dimensions be as large ablposs, — oo. As such, the CCS condition is in
fact a relaxation of this implicit requirement for traditial methods.

As is evident from the preceding discussion and analysesp#rformance of CCS is a significant improvement
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over that of traditional training-based methods when it esro sparse-channel estimation. And while we have
purposely avoided providing concrete details of the CC3néwork up to this point so as not to clutter the
presentation, the rest of the paper is primarily devoted iszu$sing the exact form of training signals and
reconstruction procedures used by CCS for the configustisted in Table II. However, since CCS builds on top
of the theoretical framework provided by compressed s@ndiis advantageous to briefly review some facts about

compressed sensing before proceeding further.

A. Review of Compressed Sensing

Compressed sensing (CS) is a relatively new area of theale@search that lies at the intersection of a number
of other research areas such as signal processing, sttigtid computational harmonic analysis; see [39] for a
tutorial overview of some of the foundational development€S. In order to review the theoretical underpinnings

of CS, consider the following classical linear measurenmeodel
re=l0+m, i=1,...,n (14)

where(-)T denotes the transpose operatign,c C? is a knownmeasurement vecto € C? is an unknown vector,
andn; € C is either stochastic noise or deterministic perturbatibims measurement model can also be written
compactly using the matrix-vector representatior: ¥6 + n. Here, the measurement matix is comprised of
the measurement vectors as its rows and the goal is to rgliebbnstruc® from the knowledge of and ¥.

One of the central tenets of CS theory is tha if sparse (has only a few nonzero entries) or approximapelsss
(when reordered by magnitude, its entries decay rapidi@n ta relatively small number—typically much smaller
than p—of appropriately designed measurement vectors can @past of its salient information. In addition,
recent theoretical results have established #hizit this case can be reliably reconstructed frofoy making use of
either tractable convex optimization programs or efficigmgtedy algorithms; see [40] for the references of relevant
CS reconstruction procedures. As one would expect, probfshaestablish that certain reconstruction procedures
reliably reconstruc® in the end depend only upon some property of the measuremenixri@ and the level of
sparsity (or approximate sparsity) 8f In particular, one key property of that has been very useful in proving
the optimality of a number of CS reconstruction proceduseté so-calledestricted isometry propertfRIP) [41].

Definition 2 (Restricted Isometry PropertyConsider am x p (real- or complex-valued) matri¥ having unit
¢5-norm columns. For each integ8re N, we say that¥? satisfies RIP of order S with parametgr € (0, 1)—and

write ¥ € RIP(S,dg)—if forall 8 :(0]jp < S
(1= ds)l10]5 < %65 < (1+65)]1013 (15)

where|| - ||z denotes thes-norm of a vector and - ||, counts the number of nonzero entries of its argument.
Note that RIP of ordef is essentially a statement about the singular values of allS submatrices ofr. And
while no algorithms are known to date that can check RIP fawangmatrix in polynomial time, one of the reasons

that has led to the widespread applicability of CS theoryanous application areas is the revelation that certain
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probabilistic constructions of matrices satisfy RIP witighh probability. For example, let the x p matrix ¥ be
such that either (i) its entries are drawn independentlifeo/(0, %) distribution, or (ii) its rows are first sampled
uniformly at random (without replacement) from the set afismf ap x p unitary matrix with entries of magnitude
1/,/p and then scaled by a factor qfp/n. Then, for everyss € (0,1), it is known that® € RIP(S,ds)
with probability exceeding — e~“(™) in the former case i = Q(S - log £) [42], while ¥ € RIP(S,ds) with
probability exceeding — p~°™) in the latter case if. = Q(S - log® p) [43].5

As noted earlier, there exist a number of CS reconstructiongaures in the literature that are based on the RIP
characterization of measurement matrices. The one amang that is the most relevant to our formulation of the
sparse-channel estimation problem—and one that will bguiatly referred to in the sequel—goes by the name
of Dantzig selector(DS) [27]. In particular, there are three main reasons thathave chosen to make the DS
an integral part of our discussion on the CCS frameworktFirss one of the few CS reconstruction procedures
that perform near-optimally vis-a-vis stochastic noige (others being the risk minimization method of Haupt and
Nowak [44] and the lasso [28], which also goes by the name siShgursuit denoising [45]). Second, unlike the
method of [44], it is highly computationally tractable sinit can be recast as a linear program. Third, it comes with
the cleanest and most interpretable reconstruction ewands that we know for both sparse and approximately
sparse signals. It is worth mentioning here though that dsed also enjoys many of the useful properties of the
DS, including the reconstruction error bounds that are wimjlar to that of the DS [46], [47]. As such, making
use of the lasso in practical settings can sometimes be noon@utationally attractive because of the availability
of a wide range of efficient software packages, such as GPSRaptl SpaRSA [49], for solving it. However, since
a RIP-based characterization of the lasso that parallatsahthe DS does not exist to date, we limit ourselves in
this paper to discussing the DS only. The following theoredhich is a slight variation on [27, Th. 1.1], states the
reconstruction error performance of the DS for the case whensparse€.

Theorem 1 (The Dantzig Selector [27])et ¥6 +n =r € C" be a vector of noisy measurementséo€ CP :
[I18llo < S, where then x p matrix ® has unitly-norm columns and the complex AWGN vectgris distributed
asCN(0,,0°1,). Further, let® € RIP(2S,25) for somedas < v/2 — 1 and choose\ = (20%(1 + a)logp)'/?

for anya > 0. Then the estimat@® obtained as a solution to the optimization program

6°° = argmin |||, subject to]| T (r — ¥O)||. < A (DS)
fecr
satisfies
16°° — 8|5 < ¢i-S-logp- o (16)

with probability at leastl — 2(7(1 + a)logp - p>*)~/2. Here,|| - ||, and|| - ||~ denote the’;- and{..-norm of a
vector, respectively, and the constant= 4./2(1+a)/(1 — (v/2 + 1)da2s).

8In fact, the actual requirement in the latter case is= Q(S log? (p) log(S log p) log?(S)) [43]; for the sake of compactness, however, we
use the lax requirement = Q(S - log® p) in the paper.

"The variation is primarily due to the complex-valued setupihie paper as opposed to the real-valued one in [27, Th. hdljaticing the
fact thatfs 25 < V/2855; we refer the reader to [27] for further details.
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In the sequel, we will often make use of the shorthand natadff = DS(¥,r, \) to denote a solution of the
optimization program (DS) that takes as inplitr, and A. Finally, note that the statement of Theorem 1 assumes
that ¥ € RIP(2S,d025) almost surely. However, if this is not true then in this case only thing that changes
in the statement is th&"® satisfies (16) with probability at least— 2max {2(r(1 + a) logp - p**)~1/2, P{¥ €
RIP(2S, 525)}}. We are now ready to discuss the specifics of CCS for sparsgpathl channels.

V. COMPRESSEDCHANNEL SENSING: SINGLE-ANTENNA CHANNELS
A. Estimating Sparse Frequency-Selective Channels

For a single-antenna channel that is frequency-seledils®,(see Example 1), the virtual representation (3) of

the channel reduces to
L-1
A(f) =Y Hy(0)e 2w ! (17)
£=0
and the corresponding received training signal is givendby([/)]
L—-1
Yer(t) = Y Hy(Omep(t — /W) + 20(t), 0 <t < T+ Tynga (18)
=0

In general, two types of signaling waveforms are commonlyleged to communicate over a frequency-selective
channel, namely, (single-carriespread spectruniSS) waveforms and (multi-carrieoythogonal frequency division
multiplexing (OFDM) waveforms. We begin our discussion of the CCS frantkwWor sparse frequency-selective
channels by focusing first on SS signaling and then on OFDMadiigg.

1) Spread Spectrum Signaling: In the case of SS signaling, the training signal(¢t) can be represented as

Ny,—1
2 (t) =VE Y wnglt—nT,), 0<t<T (19)
n=0

whereg(t) is the chip waveformhaving unit energy( [ |g(¢)|*dt = 1), T, ~ 1/W is the chip duration, andz, }
is the N,-dimensional spreading code associated with the trainigas also having unit energ) ", |z, |*> = 1).

In this case, chip-matched filtering the received trainiiggal (18) yields the discrete-time representation [24]
y=VE(xx*h,)+z — y=VEXh,+z (20)

wherex denotes discrete-time convolutidn, € CL is the vector of channel coefficienfd7, (¢)}, andx € Ce is
comprised of the spreading code,, }. Further, defineV, = N, + L — 1. Thenz is an AWGN vector distributed
asCN(ONO,IND), while X is an N, x L Toeplitz (convolutional) matrix whose first row i|:&:0 0}_1} and first
column is {XT OE*JT'

Note that (20) is the single-antenna version of the stanfiand (8). Therefore, from (13), the reconstruction error
of LS-based training methods in this case is giverfiph (h®)] = Q(L/E). We now describe the CCS approach
to estimating frequency-selective channels using SS kignaand show that for-sparse channels it leads to an

improvement of a factor of about/d (modulo a logarithmic factor).
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CCS-1 - SS Training and Reconstruction
Training: Pick the spreading codéz,} ;' associated withz;,(t) to be a sequence of independent and

identically distributed (i.i.d.) Rademacher variabldsing values+1/v/N, or —1/1/N, with probability 1/2 each.
Recongtruction: Fix anya > 0 and pickA = (26(1 + a)log L)'/2. The CCS estimate df, is then given as
follows: h®® = DS(VEX,y, \).

The following theorem summarizes the performance of CC&-tkims of the reconstruction error.
Theorem 2:Suppose that the number of temporal signal space dimenaigiis: TW) = Q(d? - log L). Then
the CCS estimate di, satisfies

A < 5 losL (21)

with probability at least — 2 max {2(r(1 + a) log L - L?*)~1/2 ¢~ O(No/d)} Here, the constant; is the same as
in Theorem 1(with do4 in place ofdag).

Note that the frequency-selective channel beikgparse simply means thgh, | < d <« L. Therefore, the
proof of this theorem essentially follows from Theorem 1 48d, Th. 2] (also, see [38, Th. 6]), where it was
shown that PfX ¢ RIP(2d,654)} < e~ OWNe/4*) for any 654 € (0,1), providedN, = Q(d? - log L).

2) OFDM Signaling: If OFDM signaling is used for communication then the traqsignal takes the form

zer(t) = 4 ]\i > gt)e F o<t <T (22)

neESs,

whereg(t) is a prototype pulse having unit energs, ¢ S = {0,1,..., N, — 1} is the set of indices opilot
tonesused for training, andvV,,—the number of receive training dimensions—denotes thal toimber of pilot
tones in this casey;, = |S;:|, and is a measure of the spectral efficiencycgf(t). Finally, matched filtering the
received training signal (18) with the OFDM basis waveforfs$t)e’2"#t}s, and collecting the output into a
vector again yields the standard form [¥]= V€ Xh, +z. The difference here is th& is now anN, x L sensing
matrix that is comprised O{ﬁ [1 Wil L w;'o(“”} in € Str} as its rows, wheresy, = ¢ 7%, and
z~CN(Oy,, Iy, )8

Note that the form oiX in the case of OFDM signaling imposes the condition tNat > L for X to have full
column rank. In order to estimate a frequency-selectivacbbusing OFDM signaling, traditional methods—such
as [6]—therefore require tha¥;, = Q(L) and, from (13), at best yiel@[A(h®)] = Q(L/E). In contrast, we now

outline the CCS approach to this problem and quantify itsaathge over traditional methods for sparse channels.

CCS-2 — OFDM Training and Reconstruction
Training: Choose the number of pilot tond§, = Q(d-log5 N,) and pickS;, to be a set ofV;, indices sampled

uniformly at random (without replacement) froth= {0, 1,..., N, — 1}.

Reconstruction: Same as in CCS-1 (but witK specified as above).

8An assumption often made in the case of OFDM signaling is Thad 7maz [1], Which implies N, > L.
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Below, we summarize the performance of CCS-2 in terms of étenstruction error.

Theorem 3:Under the assumption that the frequency-selective chasnébkparse, the reconstruction error of
hees satisfies (21) with probability at least— 2 max {2((1 + a) log L - L2%)~1/2, N, °M1,

The proof of this theorem follows trivially from Theorem 1dathe fact thatX in this case corresponds to a
column submatriof a matrix whose (appropriately normalized) rows are ranigosampled from anV, x N,
unitary DFT matrix. Therefore, from the definition of RIP atfte discussion following the definition, X ¢
RIP(2d,624)} < Ny ®Y for any 6.4 € (0,1), providedN,, = Q(d - log® N,) [43].

B. Estimating Sparse Doubly-Selective Channels

In the case of a single-antenna channel that is doubly+tsedethe virtual representation (3) reduces to

Z Z »(l,m)e —i2my f gi2m it (23)

=0 m=—M
and the corresponding received training signal can be emritis

Yer(t Z Z (0, m)eTT F e (= 0/W) + 240(t) , 0 <t < T + Tonae - (24)
=0 m=—M

Signaling waveforms that are often used to communicate @daubly-selective channel can be broadly categorized
as (single-carrier) SS waveforms and (multi-carrgmrt-time Fourier(STF) waveforms, which are a generalization
of OFDM waveforms for doubly-selective channels [50], [B¢low, we discuss the specifics of the CCS framework
for sparse doubly-selective channels as it pertains to B&tand STF signaling waveforms.

1) Spread Spectrum Signaling: The SS training signat,.(¢) in the case of a doubly-selective channel has
exactly the same form as given in (19). The difference herdas the chip-matched-filtered output in this case
looks different from the one in (20). Specifically, define iagh, = N, + L — 1. Then chip-matched filtering the
received training signal (24) yields [25]

L—1
yn =VE Y Z W(6,m) e R ey g+ 2, n=0,1,..., N, — 1. (25)

=0 m=—M

Nevertheless, it has been shown in [83]I-A] that this received training data can be represented the standard
form (8) by collecting it into a vectoy € C¥o and algebraically manipulating the right-hand side of (Z%)at is,
y = VEXh, + z, whereh, € CF?+1) is the vector of channel coefficien{s, (¢, m)}, z ~ CN' (05 Iy ),
and the sensing matriX is an N, x L(2M + 1) block matrix of the form

X:[X_M e Xo oo Xl (26)

Here, each blocK,, has dimension#/, x L and is of the forniX,, = W,,T, whereW,, is anN, x N, diagonal
matrix given byW,,, = diagwy™ %, wy™ ..., wy™ "*7V) and T is a Toeplitz matrix of dimensions/, x L
T
having {xo 0271} and [ T ol J as its first row and first column, respectively.
Note that under the assumption that the doubly-selectiamél is underspreal oz Vmae: < 1), we have

that TW > TimaoVmasITW = N, > L(2M + 1). This—combined with the form oX—ensures that the
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sensing matrix in this case has full column rank and traitinged methods can use the LS criterion (10) without
further conditions, resulting iL[A(ht%)] = Q(L(2M +1)/&). Below, we describe the CCS approach to estimating
doubly-selective channels using SS signaling, which iskewdly similar to CCS-1, and provide an upper bound

on the corresponding reconstruction error desparse channels that is significantly better thd@. (20 4 1) /).

CCS-3 - SS Training and Reconstruction
Training: Same as in the case of CCS-1.

Reconstruction: Fix any a > 0 and pick\A = (2£(1 4 a) log L(2M + 1))*/2. The CCS estimate di, is then
given as follows:h®®s = DS(VE X, y, \).

Theorem 4:Suppose that the number of temporal signal space dimensigns Q(d? - log L(2M + 1)). Then
the CCS estimate di, satisfies

A (h&®) < ¢2 . g log L(2M + 1) (27)

with probability at least — 2 max {2(w(1 + a)log L(2M + 1) - (L(2M + 1))24) /2, = O(No/d%)},

Note that the key ingredient in the proof of this theorem iarelsterizing the RIP of the sensing matrix given
in (26). Therefore, this theorem in essence is a direct cpresgece of [25, Th. 2] in which it was established that
PH{X & RIP(2d,654)} < e=OWe/®) for any dyy € (0,1), providedN, = Q(d? - log L(2M + 1)).

2) STF Signaling: In the case of STF signaling, which is a generalization of ®F&gnaling to counteract the

time selectivity of doubly-selective channels [50], [5tje training signal:;,.-(¢) is of the form
&

tr

g(t —nT,)e?™mWet 0 <t <T (28)
(n,m)ES¢r

Tir (t) =

whereg(t) is again a prototype pulse having unit enei§y, ¢ S = {0,1,...,N, —1} x{0,1,..., Ny — 1} is the
set of indices of STF pilot tones used for training, aig—a measure of the spectral efficiencygf (t)—denotes
the total number of pilot tonesV,, = |S;.|. Here, the parameteff, € [Tmaz, 1/Vimaz] @AW, € [Vimax, 1/Tmaz)
correspond to the time and frequency separation of the SEK baveforms{g(t — nT,)e?™mWet1l in the time-
frequency plane, respectively, and are chosen sothdt, = 1 [51]. Finally, the total number of STF basis
waveforms available for communication/training @&veN; = N,, whereN, = T/T, and Ny = W/W,,.

Matched filtering the received training signal (24) in thase with{g(t — nT,)e/2™mWet1s. vyields [51]

[ &
Yn,m = N Hn,m + Zn,m (na m) € Str (29)
Ntr

where the STF channel coefficients, ,, ~ fl(t, f)\(t‘f):(nT o)’ As shown in [25,§ IV-A], collection of

this matched-filtered output into a vectprc CV+ followed by simple manipulations yields the standard form

y = VEXh, + z, wherez ~ CN(0y,,,Iy,.) and theN;, x L(2M + 1) matrix X is comprised of

1
{ [w%‘tM wX,’fM_l) w;,:"M] ® {1 wﬁf'l wﬁ}(L_l) i (n,m) € Str}

\/Ntr

as its rows’ Consequently, traditional methods impose the condifion= Q(L(2M + 1)) in order to satisfy the

Here, ® denotes the Kronecker product; al€d, € [Tmaz, 1/Vmaz] and Wo € [Vmae;1/Tmaz] => Ny > 2M + 1 and Ny > L.
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requirement thaiX has full column rank in this setting and yield—at be&fA(h:®)] = Q(L(2M +1)/&). We
now describe the CCS approach to estimatirgparse doubly-selective channels using STF signalingghmvhot

only has a lower reconstruction error than the LS-basedoagprbut is also spectrally more efficient.

CCS-4 — STF Training and Reconstruction
Training: Choose the number of pilot tonég,. = Q(d - 1og5 N,) and pickS;, to be a set ofV,, ordered pairs

sampled uniformly at random (without replacement) fréme= {0,1,..., N, — 1} x {0,1,..., Ny — 1}.

Reconstruction: Same as in CCS -3 (witlX specified as above).

Theorem 5:Under the assumption that the doubly-selective channélsisarse, the reconstruction errorlg®
satisfies (27) with probability at least— 2 max {2(w(1 + a)log L(2M + 1) - (L(2M + 1))?*)~1/2, N, Oy,

Note that [25, Th. 3] specifies the conditions under which gbesing matrixX arising in this setting satisfies
RIP, and Theorem 5 follows immediately from that charaztdion. This concludes our discussion of the CCS

framework for single-antenna channels; see Table Il forramary of the results presented in this section.

VI. COMPRESSEDCHANNEL SENSING. MULTIPLE-ANTENNA CHANNELS
A. Estimating Sparse Nonselective Channels

The virtual representation of a nonselective multipleesana (MIMO) channel is of the form [cf. (3)]
SR ; i H(_k TAH
H = ; ;Hv(z, k)ag (N_R) afl (N_T> = AgHJAY. (30)
Here,Ar andAr are N x Ng and Ny x Np unitary matrices (comprising o[faR(NLR)} and{aT(NiT)} as their
columns), respectively, anH,, = [hv,l hv,NR} is an Ny x Nr matrix of virtual channel coefficients in
which thei-th columnh, ; € CN7 consists of the coefficientsH,, (i, k)} associated with thé-th resolvable AoA.

Generally, the training signal used to probe a nonseledilldO channel can be written as

My, —1

& My,

xlt) =5 2 o (t-gp) 0SS Ty
n=0

(31)

whereg(t) is a prototype pulse having unit enerdy,, € CN7} is the (vector-valued) training sequence having
energy>_. |x./3 = Nz, and M;,—the number of temporal training dimensions—denotes tit@ twumber of
time slots dedicated to training in this setting. Trivialipatched filteringy:..(t) = I:Ixtr(t) + z4,-(t) in this case

with time-shifted versions of the prototype pulse yields

yn:,/]\%f{xn-;-in,n:O,...,Mtr—l (32)

where{y,, € CNr} is the (vector-valued) received training sequence and YWEN vectors{z,,} are independently
distributed asC V' (On, In,). As shown in [26§ 1I], pre-multiplying the ,,’s with A% and row-wise stacking
the resulting vectors into ahf;,. x Nr matrix Y yields the standard linear form (8Y = \/NZTXHU + Z, where
the entries ofZ are independently distributed &$V(0,1). Here,X is an M;, x Ny matrix of the form

T
X = Xo X1 ... X]\[t7‘_1:| A} (33)
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where(-)* denotes the conjugation operation. In order to estimatselentive MIMO channels, traditional training-
based methods such as those in [9], [10] therefore requatteltlh. = (N7 ) so as to ensure tha has full column
rank and produce an estimate that satisfi8A(H'®)] = Q(NzNZ/€). In particular, note that the condition
M, = Q(Nr) means that traditional methods in this case require the purmbreceive training dimensions to
satisfy Ny, = My, Ng = Q(NgNr). In contrast, we now describe the CCS approach to this prolide d-sparse
channels and quantify its performance in terms of the rdcection error and receive training dimensions. Before
proceeding further, however, recall that the conditionelrsity pattern associated with tt¢h resolvable AoA is

Sa(i) = {(i, k) : (i,k) € Sq}, and define thenaximumconditional AoA sparsity ag = max; |Sq(4)|.

CCS-5 — Training and Reconstruction
Training: Choose the number of training time slat§,. = Q(d - log Nt /d) and pick{x,,n =0,..., M — 1}

to be a sequence of i.i.d. Rademacher vectors in which eah mmlependently takes the valuel/\/M;, or
—1/+/M, with probability 1/2 each.

Reconstruction: Fix anya > 0 and pick\ = (2(1 +a)(log NrN7)/N7)'/2. The CCS estimate dfl, is then
given as followsHSS = [DS(\/S/—NTX,yl,)\) ... DS(\/E/NtX,yng, /\)}.

Theorem 6:Assuming that the nonselective MIMO channeliisparse, the CCS estimate Hf, satisfies
d-N
A(HSS) < 2 TT -log NgNr (34)

with probability at leastl — 4 max {(7(1 + a) log Ng Ny - (NgNp)??)~1/2, = OMir)},

The proof of this theorem is sketched in [26, Th. 3], and isebdasn [42, Th. 5.2] and a slight modification of
the proof of Theorem 1 in [27]. Before concluding this disgiog, it is worth evaluating the minimum number of
receive training dimensions required for the CCS approactutceed in the case of sparse nonselective MIMO
channels. From the structure of the training signal in CCSvé have thatVy,, = M, Nr = Q(d Ng - log Nz /d)
for CCS, which—modulo the logarithmic factor—is alwaystbethanN;,. = Q(Ng Nr) for traditional methods. In
particular, for the case when the scattering geometry ik thatt the conditional AoA sparsity is equal to the average

AoA sparsity (d = d/Nr), we have from the previous arguments that CCS requiigs= Q(d - log N Nt /d).

B. Estimating Sparse Frequency-Selective Channels

From (3), the virtual representation of a frequency-saled¥lIMO channel can be written as

L—-1
H(f) =Y AgH](0)Afe 2] (35)
£=0
where the matriced r andA are as given in (30), anH, ({) = |h,1(¢) ... h, n,(¢)| iSanNzyx Ng matrix

in which thei-th columnh,, ;(¢) € CN* consists of the coefficientsH, (i, k, £)}. As in the case of single-antenna
channels, both SS and OFDM waveforms can be used to comnteirmiear a frequency-selective MIMO channel.
For the sake of this exposition, however, we limit ourseli@s block OFDM signaling structure similar to the
one studied in [11§ IV-B] and [12, § IV].
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Specifically, we assume that thé,-dimensional symbol consists &f, > N (vector-valued) OFDM symbols.
Since signaling using a block df, OFDM symbols is essentially STF signaling with parametgys= T'/N, and
W, = N;/T, we make use of the STF formulation developed in Section Vatoycout the analysis in this section.
In particular, the training signal in this case can be wnittssing the notation in (28) as

Xer (¢ 1/ Z Xn,m g(t — nT, L)edZmmWot g <t < T (36)

(n m)ESt,
whereS;, ¢ S ={0,1,...,N, — 1} x {0,1,..., Ny — 1} here is again the set of indices of pilot tones used for
training, while {x,, ,, € CN7} is the (vector-valued) training sequence having energy [xnml3 = Nr. The
main difference here from the single-antenna formulatfothat we use\/,,—instead ofN,,—to denote the total
number of pilot tones (equivalently, the number of tempaérahing dimensions)M;, = |S;,.|.1°

From [51], matched filtering;,.(t) = H(x¢.-(t)) + z-(¢) in this case with{g(t — nT,)e/2"mWotl s vyields

H men m + zn m s (n m) S Str (37)

where the AWGN vector§z,, ,,, } are mdependently distributed 88/ (0, In,, ), while the (matrix-valued) channel

coefficientsH,,, ~ fI(f) . As in the case of nonselective MIMO channels, we can prdiphyuthe received

-
training vectorsy,, ,,'s Wifth Ag and row-wise stack the resulting vectok% Yn,m to yield anM,;, x Nr matrix
Y. Further, as in [26§ V], the right-hand side of (37) can be manipulated to exptbss matrix into the standard
form (8): Y = \/NZTXHU + Z. Here,H, = {hm hv.,NR} is the NrL x Ngr channel matrix in which
the i-th column consists of the coefficien{d?, (i, k, ¢)} associated with theé-th resolvable AoA, whileX is an
M;, x NpL matrix comprising of{ [1 wiEt wﬁf'@*“} ® %) A% (n,m) € Str} as its rows.

Once again, the form of the sensing maXhere dictates that/,,, = Q(N, L) for the traditional methods such as
those in [11], [12] to obtain a meaningful estimatel®f, and we have from (13) th&[A(H'S)] = Q(NgrNZL/E)
in that case. Note that in terms of the receive training dsi@rs, this implies that traditional methods require
Ny = Q(NgNpL) for frequency-selective MIMO channels. In contrast, we nmevide the CCS approach to
estimatingd-sparse channels using block OFDM signaling and quansfpérformance advantage over traditional
methods. The following discussion once again makes useeodi¢finition of maximum conditional sparsity within

the AoA spread of the channel:= max; |{(i, k,¢) : (i,k,£) € Sg}|.

CCS-6 — OFDM Training and Reconstruction
Training: Choose the number of pilot toned;, = Q(d - log® NrNy). Further, pickS,, to be a set ofA,,

ordered pairs sampled uniformly at random (without reptaeet) from{0,1,..., Ny — 1} x {0,1,..., Ny — 1}
and define the corresponding sequence of training vectofgas, = \/menﬂ : (n,m) € S}, wheree;
denotes the-th standard basis element 6.

Reconstruction: Fix any a > 0 and pickA = (26(1 + a)(log Nk N7 L)/Nr)*/2. The CCS estimate off, is

then given as followsHS® = [DS(«/S/NT X,y1,A) ... DSHWE/NrX,¥yng, /\)}-

10Note that the number of temporal and receive training dirioessis the same in the case of single-antenna channels.
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Theorem 7:For a frequency-selective MIMO channel thatdisparse, the CCS estimate Hf, satisfies

d-N
A (HSS) < 2. TT log Ne N7 L (38)

with probability at leastl — 2max {2(7(1 + a)log Ngk Ny L - (NgN7L)?*) =12 (NpNy)~OW},

The proof of this theorem is omitted here for brevity, but eleghs to a large extent on first characterizing the RIP
of the sensing matriX arising in this setting using the proof technique of [25, Bhand then essentially follows
along the lines of the proof of Theorem 6 in [26]. One key obaton from the description of the training signal
above is thatV,, = Q(d Ny - log® NrNy) for CCS. In particular, for the case of conditional AoA sfigrbeing
equal to the average AoA sparsity (and sifée> N7), this implies that CCS required;, = Q(d - log® N,) in
this setting as opposed ¥, = Q(NgNrL) for traditional methods—a significant improvement in terofighe

training spectral efficiency when operating at large baultlve and with large plurality of antennas.

VIl. DISCUSSION

There is a large body of physical evidence that suggestsrthétipath signal components in many wireless
channels tend to be distributed as clusters within theipaesve channel spreads. Consequently, as the world
transitions from single-antenna communication systenesaimg at small bandwidths (typically in the megahertz
range) to multiple-antenna ones operating at large bantwighossibly in the gigahertz range), the representation
of such channels in appropriate bases starts to look sp@itse.has obvious implications for the design and
implementation of training-based channel estimating wash Since—by definition—the intrinsic dimensiah,of
sparse multipath channels tends to be much smaller thanektginsic dimension], one expects to estimate them
using far fewer communication resources than that dictayettaditional methods based on the LS criterion. Equally
importantly, however, sparsity of multipath channels aiss implications for the design and implementation of
the communication aspects of a wireless system that is pgdiwith a limited-rate feedback channel. First, if
the channel-estimation module at the receiver yields asspastimate of the channel (something which LS-based
reconstruction fails to accomplish) then—even at a low—+dteat estimate can also be reliably fed back to the
transmitter. Second, this reliable knowledge of the chhgparsity structure at both the transmitter and the receive
can be exploited by agile transceivers, such as the oneinffr improved communication performance.

In this paper, we have described a new approach to estinmatitigpath channels that have a sparse representation
in the Fourier basis. Our approach is based on some of thatradeances in the theory of compressed sensing and
is accordingly termed as compressed channel sensing (Tg®ying polylogarithmic factors, two distinct features
of CCS are: (i) it has a reconstruction error that scales (iKe) as opposed t§2(D) for traditional methods,
and (i) it requires the number of receive training dimensiaV,,, to scale likeN;, = Q(d) for certain signaling
and channel configurations as opposedVip = (D) for traditional methods. Admittedly, there are severalkoth
theoretical and practical aspects of CCS that need dismysgit space limitations forbid us from exploring them
in detail in this paper. Below, however, we briefly commentsmme of these aspects.

First, while there is no discussion of the optimality of CGBtliis paper, it has been shown in [24], [25] that

its performance for single-antenna sparse channels coritkg\a (poly)logarithmic factor of an (unrealizable)
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training-based method that clairvoyantly knows the chasparsity pattern (also, see the accompanying numerical
simulations in [24], [25]). Somewhat similar arguments d@ made to argue the near-optimal nature of CCS
for multiple-antenna sparse channels also. Second, the deas underlying the theory of CCS can be easily
generalized to channel representations that make use dfig dther than the Fourier one and to other application
areas such as high-resolution radar imaging. Third, oneasphe representation of real-world multipath channels
in certain bases to be often approximately sparse becaube sb-calledeakageeffect. While our primary focus

in this paper has been on characterizing the performanc&&f f0r exactly sparse channels, it works equally well
for approximately sparse channels thanks to the near-aptiature of the Dantzig selector; see, e.g., [38, Th. 4].
Finally, and perhaps most importantly for the success ofetinasioned wireless systems, CCS can be leveraged
to design efficient training-based methods for estimatipgrsenetwork channels—a critical component of the
emerging area of cognitive radio in which wireless transssi sense and adapt to the wireless environment for

enhanced spectral efficiency and interference management.
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