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Abstract —General closed-form analytical expressions for air-
gap inductance of surface-mounted PM and induction machines
are derived without the assumption of sinusoidally wound
windings. The expressions are suitable for all single- or double-
layer, concentrated or distributed windings, and demonstrated
to beidentical with the winding function approach and sharethe
same advantage that all the harmonics are inherently included.
These expressions are straightforward analytical equations,
which are easily used by machine designers.

I. INTRODUCTION

Air-gap inductance, defined as the inductance due to flux
crossing the air gap, is one of the most important parameters
for Permanent Magnet (PM) and induction machine designs.

The well-known inductance calculation method — the
winding function [1] — has the advantage that all the
harmonics are inherently included. It is often convenient to
calculate the inductance of a special case by using the
winding function. However, atedious solution of an integral
is needed in the winding function method, which is not very
straightforward and difficult to be used in computer
programs. Therefore, a general closed-form analytical
expression that should be suitable for computer programs, a
necessary tool for modern machine designs, is desirable, but
has not been available.

This paper will derive such an equivalent analytical
expressions which are suitable for machine designers, who
usually use computer programs to design machines and
compare the inductances of several different designs.

To derive the analytical expressions for the air gap
inductance, the following assumptions are made:

The surface-mounted magnets and spacers between
them have essentially the same relative permeability,
and

The rotor and stator relative permeabilities are high, so
that the rotor and stator back iron reluctance are
negligible and no saturation exists, and

The fringing effect at both ends of the windings is
negligible.

Based upon the assumptions above and the inductance
expression of a single full pitch coail, the coil self inductance,
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coil-to-coil mutual inductance, air-gap inductance per pole,
mutual inductance between two coils in two adjacent poles,
and phase air-gap inductance will be derived sequentialy.
The final expression is an analytical equation in terms of the
machine physical sizes and the winding distribution.

Given the difference between PM machines and induction
machines, the inductance expressions for PM machines are
modified to apply to induction machines. A general closed-
form analytical expression of the air-gap inductance for
induction machines will be given. In addition, two simplified
forms for the full pitch windings and the concentrated full
pitch windings will be presented.

The derived expressions and the winding function will be
demonstrated by two examples to be identical and share the
same advantage that all the harmonics are inherently
included.  Furthermore, these expressions are the
straightforward analytical equations without any integral
included, which are desirable and easily used by machine
designers.

Il. GENERAL CLOSED-FORM EXPRESSIONS OF AIR-GAP
INDUCTANCESFOR PM MACHINES

A general closed-form expression of air-gap inductance of
surface-mounted PM machines will be derived in this section,
then applied to induction machines in the next section.

A. Coil Self Inductance

Based upon the assumptions above, the inductance of a
single full pitch coil with Neg; turnsis found to be [3]

2
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where g is the effective length of air gap including the
slotting effects, Hyy the magnet height shown in Figure 1, L
the axial length of the stator core or rotors, t, the pole pitch,
m, permeability of free space, and m the magnet relative
permeability.

I—gcoil

Following the same derivation process, the inductance of
the coil with the short pitch of t. slots can be expressed as
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Fig. 1. Mutua coupling between two coils
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where the coil pitch factor K; is defined as
Ke =y(2- y) ®)
The coil pitch ratioy is defined as the ratio of the coil pitch
to the pole pitch and is given by
te

F;a (4)

where t. is the coil pitch measured in number of slots, mthe
machine phase number, and g the slot number per phase per
pole. For full pitch cails, K; isequal to 1.
The pole pitch measured in number of slots, tps, defined in
the (5) will be used in the following sections.
tps = MY ®)
B. Caoil-to-coil mutual inductance

Mutual inductance is defined in terms of the flux linked by
one coil due to the current in another. Air gap mutual
inductances between coils are a function of the relative
placement of the coils and therefore are a function of the slot
number q per phase per pole. As shown in Figure 1, consider
any two cails, coil i and coil j (i< j£ g<t.), with the coil pitch
te, Fi isthe air gap flux created by current flowing in cail i.
tCJtJ-—Il of the

C

This flux couples to cail j in such a way that

j- i
2tpste
coupled in the opposite direction. Thus, the net flux from coil
te (00 LT Since the self inductance

te 2tpste
of cail i islinearly related to the flux created by coil i, the
te (j-1)

ratio of the air gap mutual and self inductance is : -
Cc

flux is coupled in one direction and of the flux is

i linking coil jis

Qtpste
te () _fi
Mgij :[gj_l_ _J_]Lgi: (l_
te  2tpste

e,

B
tc 2tps-tc)|‘gC ©

Due to the symmetry, all the coil self inductances are equal
to each other, and to Lgc.

C. Phaseinductance per pole.

For each pole, there are q coils in series, and mutual
inductances exist between any two coils. Then the total phase
inductance per pole must be

Lp0|e:q|_gc + 2M912 + 2Mg]_3+ 2Mg]_4+ Yo + 2Mglq

+ 2Mgo3 + 2Mgoat Y4 + 2Mgoq %
o _ + 2Mg(g-1)q
Substituting (6) yields
Lpole =0lgc + 0(a- Dlgc
1 2 -1
- 2lg[t+ T+ T+ Ve +9—
te te te
JL,2,,,, 02

Cc C Cc

L
te (8)

1,2
2ps te | 2tps te
L1 2

2ps te 2tps te

- 2Ly +

L1
2tps t.]
Noting that

(9- 1)+2(g- 2)+3(g- 3+ Ya+(g- 2)2+(g- 1)=

and after some manipulation, (8) reducesto
_ 2 9@ _q@*1)
Lpole— [q - 3tc - 3(2tps' tc)] I—gc
Combining (2) and (10) yields
L= & 9@=D o@D
ple™ 1 27 gt 6(2tps - to)

2
N coil ML Ky ty
Hpm + MJe

2_

(10)
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Fig. 2. Mutual coupling between two coilsin two adjacent poles (case A)
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Fig. 3. Mutua coupling between two coilsin two adjacent poles (case B)

This expression denotes the inductance of q coils
distributed in q slots, each with Ny turns and a pitch of t.
slots.

D. Mutual inductance between two coilsin two adjacent
poles.

For double layer windings, the mutual inductance between
two coils, one of which is on one pole and the other on an
adjacent pole, should be calculated before the phase
inductance can be found. There is no mutual inductance
between any coils on different poles for sing-layer case since
these kind coils have at |east a 360° degree phase shift.

Considering the flux F; produced by coil i (1£i £ Q)
consisting of the top layer conductors in slot i and the bottom
layer conductors in slot t.+i, as shown in Figure 2, one half
travels through its one side on which coil tpst+k (1£ k £ q) is,
and one half through the other side. Coil i and coil tpstk,

which is consisted of the top layer conductors in slot tps+k
and the bottom conductors in slot tps+tc+k, are in the two
adjacent poles.

For the case shown in Figure 2, t+i is larger than tpstk.
The flux F; couples to coil k in such a way that
tot+i)- (tpstK

te

the flux is coupled in the opposite direction. Thus the net flux
linking coil k is

+ + +i)- (tpst
= ]Z-F ) (te |)t£tos k) _[; (te |)t£tns k)]Fi
Since the self inductance of coil i islinearly related to the
flux created by coil i, the mutual inductance between two
coils in two adjacent poles is related to the coil self
inductance by

of the flux is coupled in one direction and half

12
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1 (to+i)- (toetk for 0.5t¢ 3 (te+i) -
Mppik =[= 2 = gc ¢ ¢ 13
2 te (tpstk)>0
Given the relationship of
. mq  tps t te
i-k£q1< = _—'2°—S -tps-—fﬁtps- 2cfor m>1 (14

the condition of (tc+i)- (tpstk) £ 0.5t¢, which is equivaent to
i-k £1tps- 0.5, is always met. Since the fluxes created by coil
i and coil 2tps+i, which isin the third pole or coil i itself for
the 2 pole machine, share the area between tc+i and 2tpsti,
one additional condition is needed to make (13) valid. It is

. t
tpst tet K- (te+ i) 3 tps- Ec (15
which is equivalent to
Lo,
5 K- i (16)

2
For machines, t. is usually greater than gtps and hence

2
greater than %‘ while the maximum value of k- i is g-1.
That implies condition (16) is always valid for multiphase

g
3

valid for multiphase machines (m >2).

For the case shown in Figure 3, tc+i is smaller than or
[(tpstk)- (teti)
2tps te
couplesto coil k. Thusthe net flux linking coil Kk is

1 (tpstk)- (teti
(L. Lothloride

1
e to I a7

Similarly, the mutual inductance between two coils in two
adjacent polesin this caseisrelated to the coil self inductance

by

machines (m>2) since—,~ > g-1. These discussions keep (13)

equal to tpstk, so that only % of the flux

Mo _[; (tpstK)- (tc+i) for OF [(tpstk)- 18)
PRikTE2 2tps te 1% (teHi)]E(tps 0.5t

The condition of [(tpstk)-(tcti)] £ (tps - 0.5tc) is aways
valid for m > 2 and equivalent to Condition (16). Equation
(13) and (18) can be combined to form

- _ forI£i £q
Mppik:[z- E|(tps+k)' (te+i)l ]Lgc and1£k£q 49
where
. for te+i > tpetk
tq= i te ¢ P (20)

2ps te  forteti £ tpstk
E. Pole-to-pole phase mutual inductance for double layer
windings

The total pole-to-pole phase mutual inductance is the sum
of the coil mutual inductances between two adjacent poles:
Jd 3
a  ad Mgk
i=1k=1
Substituting (19) into (21), it yields

Mpp = (21

2 99 i
Mpp=[92‘- aa 1Cpsti)- (et S+kt ol ] Ly for all
i=1k=1 g
1£if£q, 1£kEq
Equation (22) isin aconcise format and very easily used in
any computer program. In practice, q is about 25 for small
or middle power level machines, tsis equal to mg, and t¢is

not greater than tp. Therefore, this equation is not hard to be
evaluated by hand.

F. Phaseinductance

It is interesting to note that, the short pitch windings are
not suitable for the single-layer windings, and that full pitch
windings (t=tps and hence K; = 1) must be used. The
number of the coil turns N must be equal to the conductor
number per slot N, For a single-layer machine with P poles
and C circuits in paralel, given P/2C circuits in series and
using (11), the total inductance of each circuit is

2
P ¢ a@*1) _q@*1) . Nemmlt,
KToct 27 Bt 6(2tps- to) ! Hpw+ mge
Again given C circuits in parallel, the overall machine
phase inductance with the Single Layer (SL) windings is
found as

(22)

(23

2
_ _mMmLPN; _ tp (92__ q@*1)
T 2C°  Hew+mge 2 6t 24)
_q@*>1
for SL
6(2tps'tc))

For the double-layer winding case, the number of the cail
turns Ngj is equal to one half of the conductor number per
slot N, the pole inductance per phase takes the form of

2
L 21(9_2_ a@®-1) _q@*>1)  NcmmLK;t,
pole= 4327 Bte  B(2tps- t)’ Hpwm+Mge
In addition, the mutual inductance between any two
adjacent poles exists and takes the form of (22). Given P pole
inductances, P mutuals between any two adjacent poles, and
Ccircuitsin paralel, the overall inductance of each circuit for
the double layer caseis

(25

Lo = & (Lpoie 2Mp) 26
It can be extended to
L= [ - q@*-1) _a@*1)
ac 6t B(2tps- Lo)
8§ ekt NommLket, D
i=1k=1 tq HPM T M0e

Given C circuits in paralel, the PM machine phase
inductance with the Double Layer (DL) windingsis found as

2
L :M[Lﬁ q@®-1) _q@*1) 1
ph 2C? 27 1t 12Qtps- t) 2
. 28
§ Mottt o o (28)
. tg Hpm + MQe
i=1k=1



For the full-pitch windings (tc=tps=tq ), (28) can be
reduced to
2
LPN: . q@¢*>1) 1 & §
Lo =B [ AR L8 g ki)
¢ i=1k=1 (29)
_ %
Hpm + MQe
Noting that
a@-n_1§ §
6 1 :l a |k-i| (30)
i=1k=1

(29) is reduced to the identity of (24). This result means that
the phase inductance of the single-layer full pitch windingsis
exactly same as that of the double-layer full pitch windings if
al the other conditions are kept same. This is easily
understood since the flux distributions are same for the both
cases. This implies that (24) can be applied to the double-
layer winding if the effect of the short pitch is neglected
when cal culating the pole-to-pole mutual inductance.

For concentrated full-pitch windings (g=1, tc=tys),
substituting g=1 and tc=tps=mg into (24), this expression
reducesto )

mm LPN ¢ tp
4C*  Hewm+ mMge full pitch windings

It is worth noting that the air gap inductance is relatively
small because of the low relative permeability and large
length of the PM with respect to the air gap.

for concentrated

Lph = (31

[11. APPLICATION TO INDUCTION MACHINES AND
COMPARISON WITH THE WINDING FUNCTION

Given the difference between PM machines and induction
machines, (24), (28) and (31) can be modified to apply to
induction machi nesas

mtp LPNc 9_ Q(q -1 32
Loh = 2C%g, [5 3t ] forSLIM (32
2 9 2 2
L MoK LPNeg” g@-1) _a@-1) 1
Ph= 2c%g, 127 12t; T 12Q2tpe- to) 2
a g i . 33
a aJ-(—"—u—ll-t stk) (tot ] Jfor DL IM
i=1k=1 d
Lph Mo LPNe 1 concentrated full pitch IM (34

4C%g,
Equation (32) through (34) could be rewritten into the forms

Lph_@%m[g- 919—1 for SL IM (35)
e
MK, LRSN_[Q_ q@>1) _q@*-1) 1
" Dt, 2@ty t) 2 -
99 k) )
a a ts+kt e R
- q

1k

mPLRs Nc
Lph = 0. 2c? @37

Equation (37) and (35) are both the special cases of (36)
for the full pitch windings and the concentrated full pitch
windings, respectively. The three equations above and the
well-known inductance calculation method — the winding
function — share the same advantage that all the harmonics
are aready included. However, an integral is needed in the
winding function method, which is not very straightforward
and difficult to be used in computer programs. On the other
hand, (36) is a closed-form analytical equation and suitable
for computer programs, a necessary tool to design machines
nowadays. In other words, (36) could be taken as the integral
result of the winding function approach for the general case,
in which the windings with the coil pitch of t; dots are
uniformly distributed in q slots for each phase each pole.
There are atotal m phases, P poles, and C parallel circuits. To
calculate the inductance of a specia case, the winding
function might be more convenient while (36) is suitable for
machine designers, who usually use computer programs to
design machines and compare the inductances of several
different designs.

In order to show that the eguations derived here are
equivalent to the winding function approach, consider an
example used in course ECE 711 at the University of
Wisconsin-Madison: a total of N conductors are uniformly
distributed along the stator inner surface of a 3 phase 2 pole
machine with the air gap g. Assume N is large enough that
the steps in the winding function caused by individual
conductors can be approximated as a smooth curve. The
winding function approach givesthze phase inductanceis

7 mpLRsN
bon=gas T g H

Inthis example, q is equal to infinity so that ¢?- 1= g%, me3,
te=mg=3qg, and C=1. Substituting these conditions into (35),
itisreduced to

for concentrated full pitch IM

(39

mpLRs 74°N c

e 18

Given N=N.gmP= 6N, g, the two results above are found to
be identical.

Consider another more general example: a double layer
winding with g= 3, nF 3, t,s=mg=9, t=7 (short pitch), P=8,
and C=1. Equation (36) can be easily evaluated to be

2
LRsN
Loy =3.0556" BRER=Ne

Lpn = 39

(40)
e
To find the phase inductance by the winding function, the

winding function N(q) should be drawn first. It is shown in
Figure 4
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Fig. 4. Winding function for the double layer windings withq=3,m=3, t x=mc=9, t =7, P=8, C=1

The phase A inductance as per the winding function theory
will be given by
2p 5
B N °(q) dq =3.0556° RLRsNe
0

e

| _mLR,
ph gecz

(41)

which is the same as that given by (36).

Table | summarized the results calculated using the
winding function method and (36) for 4 different cases. The
identity between the two approaches is demonstrated.

TABLE| INDUCTANCESCALCULATED FROM THE WINDING
FUNCTION AND (36)
@g=3, m=3, t,=9, P=8

The winding function .
resugllts Equation (36) results
2 2
c=1 LRN LRN
_ 30556 RRERN. 30556 RRERN.
t=7 R Oe
2 2
Cc=1 pLRN pLR:N
t_8 31111,n1! RSC Sllll,rn) RSC
¢ Je e
2 2
Cc=2 pLRN pLRN
=7 0.7639 2 ReNle 0.7639 ReNle
¢~ Je ¢
2 2
C=2 LRN LRN
g 0.8611" MPLRN. 0.8611° mPLRN.
c e e

V. CONCLUSIONS

General closed-form analytical expressions of air-gap
inductance for 3 or more-phase surface-mounted permanent
magnet machines have been derived and applied to induction
machines. The assumption of sinusoidally wound phase
windingsis unnecessary. The derived expressions are suitable
for al single- or double-layer, concentrated or distributed
windings. The expressions and the winding function method
have been demonstrated to be identical and share the same
advantage that all the harmonics are inherently included,
while these expressions are straightforward analytical
equations and can be easily used in computer prograrns.
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