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Complex Vector Model of the Squirrel-Cage
Induction Machine Including Instantaneous
Rotor Bar Currents

Alfredo R. Muioz and Thomas A. LipoFellow, IEEE

Abstract—In this paper, a new detailed mathematical deriva-
tion of the squirrel-cage induction machined—q model is intro-
duced. The model is based on coupled magnetic circuit theory and
complex space-vector notation and takes into account the actual
nonsinusoidal rotor bar distribution. It is shown for the first time
that, given the structural symmetry of the induction machine,
both stator and rotor circuits can be modeled by the simple set
of only four coupled differential equations, i.e., thed— model.
More importantly, the number of equations does not depend on
the number of rotor bars, and the model is valid even if the
number of bars per pole is not an integer number. This enormous
simplification is achieved without loss of generality nor loss of any
information contained in the full set of equations, and it is valid
for any operating condition. The actualn rotor bars and end-ring
currents are fully included in the model, and they are obtained
directly by using a simple vector transformation. In addition, the
three-phase rotor equivalent parameters are obtained. Second-
order effects, such as skin effect in the rotor bars, can be taken
into account by simply modifying the bar and end-ring resistance
values. An equivalent circuit based on the model is also derived.

Index Terms—Complex vector, d— model, induction machine,
modeling, rotor bar, rotor current, simulation, squirrel cage.

I. INTRODUCTION

inductance matrices. The resultant set of differential equations
is then solved for each rotor position.

In general, for a machine havingrotor bars, this approach
leads to a model having + 3 nonlinear simultaneous dif-
ferential equations (plus the mechanical equation), requiring
huge computational power [6], [7]. Although the number of
equations can be somewhat reduced when there is an integer
number of rotor bars per pole, the task of solving such a system
of differential equations remains a formidable one.

In this paper, it is shown that by using a particular space-
vector transformation, the machine can be fully modeled
using only four coupled differential equations. This enormous
simplification is achieved without loss of generality nor loss
of any information contained in the full set of equations, and
it is valid for any operating condition. More importantly, the
number of equations does not depend on the number of rotor
bars, and it is valid even if the number of bars per pole is not
an integer number. The model predicts the three-phase rotor
equivalent parameters in terms of the actual rotor bar resistance
and inductance values, as well as giving the actual rotor bar
and end-ring currents. Since the model uses the actual rotor
bar and end-ring parameters, second-order effects, such as skin

HE well-known d— model of induction machines is effect, can be eas”y incorporated_
based on the assumption that both stator and rotor wind-

ings are sinusoidally distributed in space. Although the rotor

cage is clearly nonsinusoidally distributed, it is claimed that it

can be replaced by an equivalent distributed winding [1]-[3].

Il. STATOR MODEL

A formal derivation of such an equivalence, however, is rarely The coupled magnetic circuit theory and complex space-

found in the literature, and in those few cases where a MQgctor representation will be used throughout the derivation.
formal approach has been adopted, the derivation becomegs technique is chosen because of the great deal of simpli-

very complex, requiring simplifying assumptions [4], [5].

fication that can be achieved, as well as its generality. The

In the past, several authors have used the coupled mag”?c}lﬁ)wing general assumptions are made:

circuit theory to model a squirrel-cage induction machine
[6]-[12]. The method consists of describing the machine as
a set of multiple coupled circuits defined by self- and mutual-

« negligible saturation;
 uniform air gap;
« stator windings sinusoidally distributed;
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Rotor loop

--- End ring

Fig. 1. Elementary rotor loops and current definitions.

A. Stator Flux due to Stator Currents

For sinusoidally distributed windings, the stator flux due t8

the stator currentd,, is known to be [1]
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portions of the end rings between them. Each loop is magnet-
ically coupled to all the other loops (circuits) and to all three
stator phases.

The stator flux linkage due to the rotor currents is

Aasr Lar Lao Lan ir1
Aso = | Xosr | = [ Lox L2 Ly : (6)
)\csr Lcl Lc2 Lcn irn

wherelL,; represents the mutual inductance between the stator
phaser and the rotor loop. Neglecting the MMF drop in the
iron, these inductances are conveniently calculated by means
of winding functions [13], [14]. According to this theory the
mutual inductance between two arbitrary machine windings
“¢” and “j” is given by

27
Lis(6) = polr / 0 ON(p,O)N; (9, ) dp  (7)

where € is the angular rotor position with respect to some
arbitrary referencey is a particular point along the air gap,
~1(p, ) is the inverse air-gap function, amé(y, §) is the
winding function defined as the spatial distribution of MMF
due to a unit current flowing in the winding. If the air gap is

Lis + Los _Lms _Lms assumed to be uniform and small compared to the rotor radius,
Agss I 2 2 the inverse air-gap function becomes simply a consgant
Mss | = -2 L+ Lms ——2 |is (1) and it can be taken out of the integral. In this case, to find
Acss sz Lins 2 the mutual inductance, we only need to define the winding
Ty —— Lt Lms functions.

Consider the stator windings and rotor bar disposition shown

where L;; and L,,; are the leakage and magnetizing inrn Fig. 2. Taking as a reference the maanetic axis of se
ductances of the stator windings. Applying the three-ph o 9 < nd gnetic axi phaa

83% normalized stator winding function for this phase is [14
space-vector definition to (1) yields 'z winding funct s P s [14]

2
Ass = _()\ass + adyss +Q2)\css)

- @

where ¢ is the complex numbee/?>*/3) and ), is the
complex space vector, thus

3
Ass = <Lls + §Lnls>is (3)

where

(4)

is = g(ias + Qibs + QQics)

is the space-vector representation of the stator current.

The magnetizing inductanck,,, for a winding having/V;
turns per phase is given by [1]

Lims = NOhNSQ(E)
g 4

wherel is the stack lengthy the mean air-gap radius anrd
the air-gap length.

(5)

B. Stator Flux Due to Rotor Currents
The rotor cage is normally modeled as identical and

equally spaced loops [4], [5], [8]. As shown in Fig. 1, each

Nu(8) = 5 cos(0). (8)
The normalized winding functions of phadeandc are simply
displaced by+120° with respect toN,.

The normalized winding function for théh rotor loop,
given by the MMF distribution produced by 1 A of current
flowing through theith loop, is shown in Fig. 2. For all the
other loops, the normalized winding functions are similar,
changing only the relative phase angle as defined by the
position of each loop with respect to the reference point.
Mathematically, this function is defined by

—a,. /27, 0<6<L8,,
NZ(Q) =< 1-— oc,,/27r, 0, <0< 91‘_1_1 (9)
—,. /27, O,y <8< 27

whereq,. is the angle between two adjacent rotor bars énd
and6,; define the position of the bars forming the loop.

The mutual inductance between phasand theith rotor
loop is

_ Lo Ir 27

g9 Jo
. polr N

L; N, (0)N;(0) do

[sin . cos 0; — (1 — cos ;) sin®;].  (10)

loop is formed by two adjacent rotor bars and the connecting g
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Phase a winding distribution whereb is the complex number’*-. The mutual stator—rotor
flux linkage complex vectoh,,. is obtained by adding all three
Phase b winding distribution rows of (15) and multiplying by 2/3, thus

-

o
A, = Lm{(l +Q+Q2)e—j(fh+5) [1 bt Ql—"]
3 irl
1 h . ir2
e\“‘ +e;(0r+6)[1 b - b 1]} : (16)
a’ | — L,n
{; : Coil end Sincel + a + a? = 0, the first term on the right-hand side of
(16) is always zero, therefor@,,,. simply becomes
A, = S Ll Ot 17)
Rotor bar 2
where
irl
. . 2 1 i7*2
== &6 - b ) 18
(@) L=nl b R (18)
irn
LN ()
o defines the space-vector representation of the rotor currents.

The total stator flux, given by the sum of (3) and (17), is
A=A+ A, =L, + ngej(ewo')iT (19)

m where L, = L;, + %Lms. Note that, in this derivation, no
assumption has been made regarding the waveform of the rotor
) currents, and (19) is valid for any type of excitation, as well
as during transient operation.
In space-vector notation, the stator voltageis known to

Fig. 2. (a) Stator windings distribution. (b) Rotor loop winding function.

be [1]
Since each rotor loop is symmetrically located along the .
rotor periphery,§; can be expressed in terms of an arbitrary v, =7l +pA, (20)
rotor angled,. and the angle between adjacent rotor bar®s \yherer, is the stator resistance. Taking the time derivative of
0; =0, + (i — Doy, (11) (19) and substituting into (20) yields
By using trigonometric identities, (10) can be written as v, =75, + Lspi, + ngej EAD(p + jw, i, (21)
Lqi(0:) = Ly, cos(8r + (i — D)oy + 6) (12)  This expression has the same structure as the well-known
where d—q model available in the literature, the main difference being
4 sin (6 the phase angle introduced by the complex exponential term,
L,=- sin ( )Lrns (13) Wwhich is due to the arbitrary choice of reference for the mag-
T N netic axis of the first rotor loop. Also, since a nonsinusoidal
and rotor bar distribution is considered, the number of rotor bars
5= %, (14) appears explicitly.
The mutual inductance of thih rotor loop with respect to . ROTOR MODEL
phases) andc are found by phase shifting,; by +£120°. Given the structural symmetry of the rotor, it is convenient
Using the Euler relation and substituting the mutual indugo model the cage as identical magnetically coupled circuits.
tance expressions into (6) yields One particular advantage of this approach is that it is applica-
Aosr 1 bt . Bt ble to rotors with a nonintegral number of bars per pole. For
adper | = L eI | g2 G251 a?bt " simplicity, each loop is defined by two adjacent rotor bars and
a* .. a ab’t abl™™ the connecting portions of the end rings between them.
B I . For the purpose of analysis, each rotor bar and segment of
1 b b tr1 . . . . . . .
ie+o |1 p it : (15) enq ring is supsntutgd by an equivalent circuit representing fche
e 1 b =1 E resistive and inductive nature of the cage [4], [5], [15]. It is

trn also convenient to carry out the analysis using mesh currents as



MURNOZ AND LIPO: COMPLEX VECTOR MODEL OF THE SQUIRREL-CAGE INDUCTION MACHINE 1335

where0 represents the zero voltage vector due to the squirrel
cage and-,. is the equivalent rotor resistance in the subspace
defined by the space-vector transformation.

The total rotor fluxA, = [Aq Mo --- A.]Y can be
divided into two components, one due to the stator currents,
A, and one due to the rotor currems.,.. Again, for clarity
of explanation, each component will be developed separately.

A. Rotor Flux Due to Stator Currents
The mutual coupling between rotor and stator is given by

Arls Lie Ly LT -

P e D [LZ . (25)
M) LLna Loy Lol 5

Because of energy consideratiods, = L,; fori =1,...,n

and forz = a,b,c; and they correspond to those defined in
Section 1I-B. Using complex notation and multiplying the rows
of (25) by 1,b,...,b" ! yields (26), shown at the bottom of
the page. The complex vectdr,. . is obtained by adding all
the rows of (26) and multiplying bg/n, thus

Lrn

Fig. 3. Rotor cage equivalent circuit. A= —{ne_j(e“"é) [1
n

a al
ias
the independent variables. Such an equivalent circuit is shown  +¢/@+9(1 ... 4 PN [1 a? a]d |4 |- (27)
in Fig. 3. ics
In general, there are + 1 independent meshes defined by
the n rotor loops plus one formed by any one of the engincel +b° + -+ """ = 0 and using the definition of
rings. However, in the absence of an axial flux componerfe stator current space vectigr (27) reduces to
the circumferential current in the end ring is identically 3 (0 +8)s
zero, hence, it will not be considered here. Aps = 5 Lme VL (28)
The loop equation for théth rotor circuit is
B. Rotor Flux Due to Rotor Currents

The total flux linked by thetth rotor circuit and due only

where R, represents the bar resistande, is the end-ring to the rotor currents is given by
segment resistance,,; is the total flux linked by thekth . . ,

! : _ dor = Latips + 4 Linirn + 2(Le + Ly )i
loop, andi,, is the loop current. Since each loop is assuméd™® ki oot Lionien o+ 2(Le o+ LoJir

0= Z(Rb + Re)i,jk — Rbir(k—l) — Rbi1,(k+1) + pArk (22)

to be identical, (22) is valid for every loop, therefore, the rotor —Ly (iv*(k—l) + ir(k+1)) (29)
voltage equation in matrix form is where Ly; represents the mutual magnetic coupling between
0 R, —-R, -+ —Ry7 lin A1 rotor loopsk andi and Ly is the self-inductance of theth
0 -R, R, --- 0 iro Ao loop.
= . . . | TPl (23) Because of the structural symmetry of the rotor, (29) is valid
(') _Rb 0 -R.o Lm )\;‘n for every loop, henceA,.,. can be written in matrix form as
] Arir Lyw+L, Lia—Ly -+ Lip—Ly7 [
with R, = 2(R + Re). _ _ Ar2y Loy — 1Ly Lo+ 1L, --- Loy ir2
The rotor equation in space-vector form is obtained by . = : : . : .
applying the transformation given in (18)—(23) yieldin ' ' ' ' ' '
pp y g g ( ) ( ) y g )\7*n7‘ Lnl - Lb Ln2 e Lnn + Lo irn
0= rd, +pA, (24) (30)
)\1’15 1 a a 1 QQ a
bAr2s L . 1 a @ . v’ v ab’ tas
:2 = i PR I : : s (26)
bnfl')\wm 1 é Q'Q Q2(r{71) QQQQ(.nfl) QQQ('"*D tes
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with L, = 2(L;, + L.). The self- and mutual inductances
defined in (30) are obtained by means of winding functions. A g

The self-inductance of théth loop is found to be [6] b-axis & |t

_ polr m 2 _ polr Gy K
L = /0 NR(eydo = o w(1-3) @Y

i_th rotor axis

(i-1)_th rotor axis

Lst rotor axis

and the mutual inductance between fith and theith rotor v 3
loops is : |03
-——— - - > Real

. 27 .
ol I

Lii NW(O)N;(0) do = 1" o 32) s ‘d
Ty b ‘ oy 2r )°

As expected, botll; and L;; are constants that only depend /
on the rotor dimensions and not on their relative position. ,
Substituting (31) and (32) into (30) and multiplying each row ’
by 1,b,...,b" ! yields (33), shown at the bottom of the page,
where we have used the identii*™ = ™. @)

Adding all the rows in (33) and reducing terms, we obtain
the rotor flux complex vector due to the rotor currents

s jmlqu j((l)—(l)r)qu, r,

n

n —

Ay = <L0 + 7 Lp—2L, cos oc,,>i,,

<2Lb(1 —cosay.)+ 2L, + Ma,) i.. (34)
g

-

L,

The proportionality constarft,. corresponds to the equivalent

rotor inductance. Note that its value is expressed only in terms (b)

of rotor dimensions and bar and end-ring inductance valuesig. 4. (a) Common reference frame definition. (b) Complex vector equiv-
The total rotor flux vector, defined as the sum of (28) arfient circuit

(34), is
3 ' Finally, substituting (35) into (24) yields the rotor equation
A, = ELme_J(QTJ"S)iS +L,i,. (35) in the subspace defined by the rotor space-vector transforma-
tion

C. Rotor Equivalent Resistance

3 : i
— i 2 =300 (0 o i
The equivalent rotor resistance is obtained from the first 0=rd,. + QL’"G (p = jwn)l, + Lopi,. (37)

term on the right-hand side of (23). The procedure is identical

to the one used to obtain the rotor flux, therefore, it will not Equations (21) and (37) correspond to the complex vector
be repeated here. It suffices to say that after multiplying eagtodel of the squirrel-cage induction machine and fully define
row of the first term in (23) byl,b,...,b" ', adding and the electrical behavior for both steady-state and transient
simplifying it yields operation.

Ty = Ro - Rb(bn_l +Q)
— 2R, +2Ry(1 — cos ). (36) IV. COMPLEX VECTOR EQUIVALENT CIRCUIT
It is known that the sinusoidal coupling between the stator
Note that equivalent rotor resistanegis expressed in termsand rotor circuits can be eliminated by referring all the
of the actual bar and end ring resistance values, makiaguations to a common reference frame [16]. Fig. 4 shows
it straightforward to include changes in their values due &n arbitraryd—q reference frame rotating at angular speed

temperature or skin effect. The requiredd—g variables in this common reference frame
Artr Ly + L, VN L — Ly) e Q(Lin — L) 11
bArar (L — Ly Ly + L, . b Ly bi,
|| Bl l) . _ . x| 33)

bnil)\rrm* bnil(Llw - Lb) Qni?Lki o ka + Lo Qnilirn
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are defined by the vector transformations wherei’, = T.i; and
. 2 . 0 0 O
Las = 37, 0L 0
N (38) L, =TL,T;'= [0 0 0 (46)
lodr = 54/ 5€ J T 1. . . .
qar 3 3 T . . .
0o o L*

Applying this transformation to (21) and (37) yields

where the superscriptdenotes complex conjugate. Since the

input voltage vector in (45) is identically zero, the only source

of excitation comes from the mutual rotor—stator coupling
. . 3 /n . ) terms. Given the structure di,._, regardless of the instanta-

0 =7l g + Lopigar + 5\/; Linpigas +3(@ —@r)Asr neous value of the stator currents, only the second sethd

(40) rows of (45) will yield a nonzero rotor current [17]. The
resultant differential equations are of the form

. . 3 /n . .
Vads = Tslggs T Lsplq ds T 3 \/;melq ar T+ JWA(I a5 (39)

where di’
5 0=RLil, + L. d;’“ (47)
n
Ay g = Lsi =1/ =Lnl, 4 41 . . .
“ads Yyas T 5\ ghmlga @D for & # 2 and n. Their solutions are independent of the
3 n. . . stator currents and correspond to a trivial case (e.g., identically
Agar = 2 nglq as T Lol gpe (42)  zero for all time), therefore, they can be eliminated from the

solution set. On the other hand, the equations corresponding
The corresponding equivalent circuit representing the mgr the second and last rows of (45) are
chine in an arbitrary rotating reference frame is shown in

i di!, di! dL
The analysis carried out so far has implicitly assumed dil i dL* (48)
a machine having only one pair of poles, the extension 0=Ri, +L. ;’tﬂ +L*_;st2 +ily b

to multipole structures is quite straightforward, and it only _ . _
requires one to substitute mechanical angles by their electrigdd their solutions depend on the instantaneous stator currents

equivalents. i, and ¢,,. From here, it follows that the inverse current
It is important to point out that, in contrast to the usudelation can always be written simply as

full set of differential equations required to solve for rotor bar i1 0

currents, the use of the space-vector transformation defined iro iy

in (18) gives a much simpler description of the machine, s | =71 0 | (49)

regardless of the number of rotor bars, thus providing a faster .

analysis tool. i’.

irn
Thus, due to lack of excitation, only the second and last

column of the inverse transformation matrix are of interest.

In general, all rotor currents need to be mapped into a fulk,rthermore, from (43), it is clear that, corresponds to
n-dimensional vector space. This nemdimensional space is the space-vector definition given in (18) affg is the com-

defined by the transformation [18] plex conjugate. Hence, taking the inverse transformation and

V. INVERSE CURRENT TRANSFORMATION

il 1 1 1 . in substituting yields
e, 1 b .- b i 1 1
2= T - 2 (43) trl = -
. . . .. . . 12 1 Q Q
: : : : : . -2 2(1—n i
i, R T [ P irg | == |07 b (=) [i} (50)
wherei’.; represents théh rotor current in the new space. i bll—" b_(l'_n)z

Upon applying (43) to the voltage equations of a symmet- . . .
rical squirrel-cage machine results in [17], [18] Equation (50) shows that, for a symmetrical squirrel-cage
machine, only the complex conjugate subspaces are externally

0 =R;i, +L;p(i,) + TL,.p(i,) + Tp(L..)i.  (44) excited through the stator coupling, while the rest can never
be excited. Therefore the originatdimensional space can be
fully represented by the bidimensional subspace spanned by
(%8). Finally, the inverse transformation is simply

wherei’, = Ti,, i, = Ti,, R. = TR, T, L. = TL, T},
and T is the transformation matrix (43).

If, in addition, the stator currents are also mapped into
new vector space defined by a transformatiBn similar to iy = zRe{b—(i—l)i 3
T but substitutingh by a = ¢/27/3 andn by 3, results in 721 - "

= Zfi, cos(i — Dov +iypsinli — Day] (51
0 =R\ + Lip(i) + L. p) + p(L. )i,  (45) o Ler cos(i = Dy +aypsin(i = Day] - (51)
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whereRe represents the real part ang. and:,, are the real
and imaginary components of the complex vegtoMNote that
this result is completely general and it does not assume ang
symmetry in the rotor current distribution.

4000

VI. ELECTROMAGNETIC TORQUE

or bar current

Neglecting saturation, the electromagnetic torque can be2
expressed as the partial variation of the coenergy with respect
to rotor position [1], [6]

100 -4000

OLeor, (52)

T =il
= 0,

WMMJ’\MW )
e

where i, = [iy1 i -+ ip]7 and L, corresponds to
the rotor—stator mutual inductance matrix. After some matrix
manipulation, the mutual inductance can be written as

Stator current (A
0
——

L, = Lm ] i+

n—1
> b bt

200 -100

e 1], —
—

I I L O S S )

1

)
v}
peed (rad/s)
100

Note that only the exponential terms depend on the rotor” /
position, hence, the partial differentiation is quite easily ob-
tained. After differentiating and premultiplying bif* and
postmultiplying byi, yields

T =-— @) (5 ) Lmlm {0121, } (54)

wherelIm represents the imaginary part.
It is important to point out that (54) is similar to the usual

expression derived for wound-rotor machines. The terff

arises from the arbitrary constant in the definition of the rotor 0.0 02 04 0.6 0.8 1.0

current space vector and the inductance términcludes the T (sec)

equivalent of the turns ratio found in the usual model.

100

Torque (N-m)
o

[en}
O
|

Fig. 5. Complex vector and full matrix model results (superimposed). Rotor
bar current, stator current, rotor speed, and electromagnetic torque during free

acceleration.
VII. SIMULATION RESULTS

To validate the proposed complex vector model, a set of . . _ _
simulations was prepared. The main objective of the simulliversions combined to the rapid change in mutual inductance.

tions is to compare the results of the proposed model to thd28¢réasing the integration step helps minimize this error,
of the full matrix model of the induction machine. The fu"however, this increases the computation tlme_even more. The
matrix model has been well documented in the literature, afgMPlex vector model, on the other hand, is free of such
its correctness has been proven over the years. The most rePE¥plems.

examples can be found in [8], [15]. For simulation purposes, a
typical 5-hp four-pole machine was used. The results from the
full matrix model and the complex vector model are shown
superimposed in Figs. 5 and 6 for sinusoidal excitation. Fig. 7Another important advantage of the complex vector model
shows the results for nonsinusoidal excitation. The agreeméhntts ability to predict the parameters of an equivalent wound-
in all cases is perfect. The computation times required in eadfor machine. The equivalent parameters are most easily
case are shown in Table I. The reduction in computation@ptained by introducing a slight modification to the rotor
time achieved by the complex vector model is overwhelmingurrent space-vector definition

Note that both models fully predict the rotor bar and end-

ring currents. However, at high speeds, the full matrix model i/ ﬁﬁeﬁsi (55)

15

is prone to larger numerical errors due to the multiple matrix T 3 Lins

VIII. T HREEPHASE EQUIVALENT PARAMETERS
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Fig. 6. Complex vector and full matrix model results (superimposed). Rotor &
currents in two adjacent rotor bars and in the segment of end-ring betwee

0.08 G.
T (sec)

them during the initial transient.

12 Q.16

0.20

2 |
< Rotor bar current
{
s ", |
Eofj_,_ﬁ,.mw%wwwmw‘
T
< |
o f “
3
&
R ]
Stator current i
Ll
30\ !11 \H MM bk b b b b kb b
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Fig. 7. Complex vector and full matrix model results (superimposed). Stato

and rotor bar currents for nonsinusoidal excitation (six step).

Substituting i’.
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TABLE |
REAL TIME REQUIRED TO RUN SIMULATIONS

Simulated time Computation time
FFull Matrix

498 scc

Complex Vector

1 sec 3 sec

TABLE 1
LEAKAGE INDUCTANCE CALCULATIONS

24 bars
Comp. vector

4.000 mH

48 bars

Comp. vector

2.801 mH

Ref. [2]
2.824 mH

Ref. [2]
2.510 mH

200

T
: Approximate L), ~ PO e

100
3
\

N
ok
el
8
-\h

Speed (rad/s)

100

. T
<4) /‘ Exact L’lr]
/

M=

/ >

Torque
N
AN

-100

0.4
Time (sec)

0.6

Fig. 8. Change in machine dynamics with rotor leakage inductance (24 rotor
bars). 1. Full matrix model.2: Space-vector model3: d— model using
equivalent parameters derived from space-vector mddel—q model using
equivalent parameters derived from traditional harmonic analysis [2].

and the equivalent rotor leakage inductance

6 L. 3 &2
L =2 ()N22L+ + 5Lme| =57~ 1-
= p\4 b in?s sin’ 8

(57)

Alternate forms to obtain the equivalent rotor parameters
of a squirrel-cage machine are presented in [2] and [4].
The technique used is based on harmonic analysis, and to
obtain a closed-form solution for the rotor leakage flux,
some approximations need to be made. Specifically, some
of the spatial harmonic components produced by the rotor
fundamental time harmonic component are neglected. This

into (21) and (37) and comparing to they|elds an approximate value of equivalent leakage inductance

equations of a sinusoidally wound-rotor induction machin@Ven by
leads to the equivalent stator referred rotor resistance

N2

_ <3_7f2>4
o 8 Jmnsiné§

[Ry(1 — costy) + Re]

(56)

L, ~ Q(E)QNSQ[
n\4

SENECS
in% 8 477 | gin? 6§ ’
(58)
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On the other hand, the complex vector model is based o] H. A. Toliyat, “Analysis of concentrated winding induction and reluc-

winding functions which take into account all the harmonic  tance machines for adjustable speed drive applications,” Ph.D. disserta-
. tion, Dep. Elect. Comput. Eng., Univ. Wisconsin, Madison, 1991.

components at once. Also, the novel expression for the leakagg H. R. Fudeh and C. M. Ong, “Modeling and analysis of induction

inductance derived here has the virtue of simplicity without machines containing space harmonid&EE Trans. Power App. Syst.

using the concepts of differential and zig-zag leakages. o ;OI'LE/SS-\}OZG;&S' = p‘}-oﬁf;s‘iezg'_ AAn“tgbégsaSr-] 4T A Lipo
The difference between the exact valuelgf (57) and the “Multiple couple circuit modeling of induction machinedEEE Trans.

approximate one (58) is the coefficient of the last term with the Ind. Applicat, vol. 31, pp. 311-317, Mar./Apr. 1995.

: : : P A. K. Wallace, R. Sge, and H. K. Lauw, “Dynamic modeling of
exact expression bemg twice as Iarge. The relative importan brushless doubly-fed machines,”@onf. Rec. IEEE-IAS Annu. Meeting

of the error depends on the expression between the square san Diego CA, 1989, pp. 329-334.
brackets. When the number of rotor bars is lagey 0 and [10] J-I Stepinlay “Mﬁtfix Clglcutla:\i/lon r?f in%“gtancess fo:,tTelgleneranlséh%%ry of
the error is small. Conversely, for rotors with fewer bars, the ~ Sgge 0 oo oo oor MAch: and FOWET Systol L5, Pp. 55752
error may be significant. As an example, the computations fpn] S. wiliamson and R. C. Healey, “Space vector representation of
rotors having 24 and 48 bars are presented in Table 1l advanced motor models for vector controlled induction motdesgc.

. . . Inst. Elect. Eng.—Elect. Power Applicatiol. 143, no. 1, pp. 69-77,

The effect of using the approximate value of leakage induc- 1996

tance on the torque and speed curves for the 5-hp machine uged s. A. Nasar, “Electromechanical energy conversion in nm-winding

- - ; ; ; - ic fi double cylindrical structures in presence of space harmonl&EE
in the simulation is shown in Fig. 8. In this figure, the dotted Trans. Power App. Systvol. PAS-87, pp. 1099-1106, Apr. 1968.

line corresponds to the results of tle; model withLj, com-  [13] T. A. Lipo, “Theory and control of synchronous machines,” ECE 511

puted using (58), while the solid line corresponds to the super- Class Notes, Elect. Comput. Eng. Dep., Univ. Wisconsin, Madison,
i ; : 1991.

|mposed solutions of the fu"_ matrix model, the cpmplex Vethﬁ4] N. L. Schmitz and D. W. Novotny]ntroductory Electromechanics
model, and thel-¢ model with ;. computed using (57). New York: Ronald, 1965.

[15] H. A. Toliyat and T. A. Lipo, “Transient analysis of cage induction
machines under stator, rotor bar, and end ring faullEEE Trans.
IX. CONCLUSION Energy Conv.vol. 10, pp. 241-247, June 1995.

A detailed h ical del of irrel ind .o[r:%6] P. Krause and C. Thomas, “Simulation of symmetrical induction ma-
etalled mathematical model of a squirrel-cage inducti chinery,” IEEE Trans. Power App. Systol. PAS-84, pp. 1038-1053,

machine has been developed. It has been shown that the useNov. 1965.
of complex space vectors leads to a simptg model without [17] A. Mufoz-Garea, “Analysis and control of a dual stator winding squirrel
i . . . cage induction machine for high performance drives,” preliminary Ph.D.
giving up any information rega_rdl_ng the aCt_ual rotor bar 5_md dissertation proposal, Univ. Wisconsin, Madison, 1997.
end-ring currents. Note that this is true during both transiefi8] D. C. White and H. H. WoodsorElectromechanical Energy Conversion
and steady-state behavior, and it does not assume sinusoidal NéW York: Wiley, 1959.
currents.
The number of equations needed to fully represent the
machine is independent of the number of rotor bars considered
and the resulting equations have a similar structure to the Alfredo R. Mufioz was born in Valparigo, Chile.
one found in the usual—g model. Because of the minimum Helrgegfifved thﬁ BT-S-ge_greleUin_eleqrngl engi'r\g?ring
. H . H n rom the Technical University Santa Vear
Qumber of equatlo'ns used in the flngl rqodel, the computati Vaipardso, Chile, and the M.S. degree in electrical
time required to simulate the machine is drastically reduce engineering in 1995 from the University of Wiscon-
The three-phase equivalent rotor parameters in terms of act sin, Madison, where he is currently working toward
rotor bar and end-ring resistance and inductance values the Ph.D. degree.
also obtained.
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