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Simple Analytical and Graphical Methods for
Carrier-Based PWM-VSI Drives
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Abstract—This paper provides analytical and graphical meth- p——
ods for the study, performance evaluation, and design of the v, + r, Sb+ Sc+
modern carrier-based pulsewidth modulators (PWM’s), which —2—° - _”< i ‘H< &
are widely employed in PWM voltage-source inverter (VSI) Sa+
drives. Simple techniques for generating the modulation waves
of the high-performance PWM methods are described. The two ° '__ a bl
most important modulator characteristics—the current ripple A=
and the switching losses—are analytically modeled. The graph- —9% —L- ‘“< N -||< PN ‘IK
ical illustration of these often complex multivariable functions | sa- Sb- Sc-
accelerate the learning process and help one understand the mi-

croscopic (per-carrier cycle) and macroscopic (per fundamental o ]
cycle) behavior of all the modern PWM methods. The analytical Fig. 1. Circuit diagram of a PWM-VSI drive connected to an R-L-E-type
formulas and graphics are valuable educational tools. They also '°3¢
aid the design and implementation of the high-performance PWM
methods.

Index Terms—Analysis, graphics, harmonics, inverter, modu- >
lation, PWM, switching losses, voltage linearity, VSI.
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[. INTRODUCTION
OLTAGE-SOURCE inverters (VSI's) are utilized in ac - Ve
motor drive, utility interface, and uninterruptible power 2
supply (UPS) applications as a means forda@c electric en- | e N el

o
T T 2rn

ergy conversion. Shown in Fig. 1, the classical VSI generates
a low-frequency output voltage with controllable magnitudeig. 2. Triangle intersection PWM phase “a” modulation and switching
and frequency by programming high-frequency voltage pulsggnals.

Of the various pulse-programming methods, the carrier-based

pulsewidth modulation (PWM) methods are the preferregigital technique are precalculated for each carrier cycle by
approach in most applications due to the low-harmonic dismploying space-vector theory, and the voltage pulses are
tortion waveform characteristics with well-defined harmonigirectly programmed [2], [3]. With the volt-second balance
spectrum, the fixed switching frequency, and implementatigyinciple being quite simple, a variety of PWM methods have
simplicity. appeared in the technical literature; each method results from
Carrier-based PWM methods employ the “per-carrier cyr unique placement of the voltage pulses in isolated neutral-
cle volt-second balance” principle to program a desirabigpe loads.
inverter output-voltage waveform. Two main implementation In most three-phase ac motor drive and uti|ity interface
techniques exist: the triangle intersection technique and thgplications, the neutral point is isolated and no neutral current
direct digital technique. In the triangle intersection techniqupath exists. In such applications, in the triangle intersection
for example, in the sinusoidal PWM (SPWM) method [1], agnplementations any zero-sequence signal can be injected to
shown in Fig. 2, the reference modulation wave is comparege reference modulation waves [4], [5]. The n-o potential in
with a triangular carrier wave and the intersections define thgy. 1, which will be symbolized withy, can be freely varied.
switching instants. As illustrated in the space-vector diagramhis degree of freedom is illustrated with the generalized
in Fig. 3, the time length of the inverter states in the dire@igna| diagram of Fig. 4. A properly selected zero-sequence
signal can extend the volt-second linearity range of SPWM.
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The paper first reviews the carrier-based PWM principle
and summarizes the triangle intersection and space-vector
approaches which lead to two different implementation tech-
nigues. After a brief review of the modern PWM methods,
simple methods for generating the modulation waves of the
V7 modern triangle intersection PWM methods are described. The

a1 1 remainder of the paper is dedicated to the development of
simple analytical tools for performance analysis. Analytical
current harmonic and switching loss characteristics of various
modulators are derived, graphically illustrated, and compared
to distinguish the important differences. Voltage linearity is
also discussed.

Since the performance characteristics of a modulator are
primarily dependent on the voltage utilization level, i.e., mod-
Fig. 3. The space-vector diagram illustrates the direct digital implemeblation index, it is helpful to define a modulation index term
tation principle. The u“p;‘)’er s“wit"ch states _are“ fhown in the bquk(it as this stage. For a given dc link voltagelc, the ratio of
gfaté:sw,s&) and "1 is “on” state while "0 corresponds to “off" w0 ¢nqamental component magnitude of the line to neutral

inverter output voltagé/y,, to the fundamental component
magnitude of the six-step mode voltalfg, sstep = (2Vae/7)

(@/3)Vy,

5 (001) (101) 6

. v, is termed the modulation indeX/; [6]
Va ;\ "a . Sa+ % ‘

. + +& Yy o+ K M o= _Am 1
5 OO Vi @
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¢ h \?/ D_' So+ Il. REVIEW OF THE CARRIER-BASED PWM PRINCIPLE

Yy vy Although it does not affect the inverter line to line voltage

Zero

Sequence per-carrier cycle average value, the zero-sequence signal of
Sanal or | Vo 7AVAV a modulator significantly influences the switching frequency
' ' ' _ ' ' _characteristics. Therefore, the per-carrier cycle (microscopic)
Fig. 4. The generalized signal block diagram of the triangle intersectiqth 4 cteristics of different modulators are important and must
technique-based PWM employing the zero-sequence injection principle. ) .

be modeled for detailed analysis.

As shown in Fig. 5 in the triangle intersection method, the
“0” (000) and “7” (111) in the direct digital PWM technique Modulation signals are compared with the triangular carrier

is equivalent to the freedom in selecting the zero-sequeri¥@ve and the intersection points define thg switching ins_tants.

Although the PWM literature is rich and the technology iollowing:
mature, the educational material in this field is scarce. Among

the large amount of publications, several papers report and 1 vy

o r . dsze == 1 z for b 2
utilize powerful performance analysis tools and discuss the Sadnl vl B v & dab.c} @
performance characteristics of various zero-sequence signal 2
injection carrier-based PWM methods [8]-[10]. However, the dsp— =1 —dszq, for z € {a,b,c}. 3

information is often scattered and incomplete. Since the modu- . ) .
lator characteristics are often complex, multivariable functior.lsW'th .the modqlaﬂon wavefgrms dgflned with the foI]ow—
and the analytical formulas are nonintuitive, the PWM learning? c0sine functions, thev.t time axis of the modulation
process can be discouraging, and a methodical approac Ves a.nd complex plane reference voltage vector angle
required. To understand the characteristics of various mocﬁ?—mc'de'

lators, both the per-carrier cycle and per fundamental cycle Vg =, + vo = Vi, cos (wet) + vo (4)
behavior must be carefully studied. Therefore, establishing a o

methodical approach and bringing analytical tools together v =wvy +vo = Vi, cos <w€,t - §> + o (5)

aids the PWM study. Furthermore, graphical methods that o

illustrate the performance characteristics of a modulator and vit =vl +vg = Vi), cos <w€t + —) =+ o. (6)
compare it to other modulators would be valuable, and they 3

would accelerate the learning process. This paper brings thd-or the above-defined modulation functions @nd w.t <
analytical tools together and adds several important comga-/3), the inverter states of the triangle intersection PWM
nents to the toolbox. In addition to simplifying and acceleratingiethods are 7-2-1-0-0-1-2-7 as shown in Fig. 5. This sym-
the PWM learning process, the graphical illustrations antdetric switching sequence is superior to other sequences due
analytical tools aid the design, performance evaluation, atalthe low-harmonic-distortion characteristic. Therefore, this
implementation of the modern PWM methods. sequence is adopted in the direct digital methods also [2]. As
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2V/3

tr = ="M, [Sin (Rg - wt)} T, 9)
trir = 27\/3Mi [Sin (wet —(R— 1)%)} T, (10)
to+t: =T, —tr —try1- (11)

Defined by the following, ZSP of the two inverter zero states
¢o and {; provides the degree of freedom in the direct digital
technique [7]:

_ to
Go= ot (12)
¢r=1-(. (13)

In order to simplify the analytical investigations, the inverter
state time lengths can be expressed in terms of per-carrier cycle
or per half-carrier cycle duty cycle in the following:

tr

g — R _tR/2
AT T T

With the degree of freedom in the triangle intersection PWM
being thewy signal, and in the direct digital technique tkig
partitioning, the modern PWM methods are discussed next.

forR € {0,1,---,7}. (24)

Y - -

TR
- d ! ! i
PSS i B 1,2 [1l. M ODERN PWM METHODS AND THE MAGNITUDE RULES
7

1 1

. . . . o . Although theoretically an infinite number of zero-sequence
Fig. 5. The per-carrier cycle view of switch logic signals, inverter states,, .
and VSI output voltages fob < w.t < (7/3) (R = 1). signals, and, therefore, modulation methods could be devel-
oped, the performance and simplicity constraints of practical
) ) ) o PWM-VSI drives reduce the possibility to a small number.
will be later discussed in detalil, either the two “7” states @er the last three decades of PWM technology evolution
both ends or the “0" states in the middle are often omitteg}, t ten high-performance carrier-based PWM methods were
to fur_thgr redu_ce the SWItChIng frequency. The Zero state &%veloped, and of these only several have gained wide ac-
be eliminated is the state which reduces the switching 10Ss&gance. Fig. 6 illustrates the modulation and zero-sequence
more [7]. Notice that a zero-sequence signal simultaneougyna| waveforms of these modern triangle intersection PWM
shifts the three reference signals in the vertical direction af¢hinods. In the figure, unity triangular carrier wave gain is
while it changes the position of the output line-to-line voltaggssmed and the signals are normalizedfg/2. Therefore

pulses, i.e., the active inverter state time lengths, it does @GV@/% saturation limits correspond te-1. In the figure,
affect their width. The time length of the active and zero stat%§l|y the phase “a” modulation wave is shown, and the mod-

of the triangle intersection methods can be directly calculatggiion signals of phases “b” and “c” are identical waveforms

from the duty-cycle information, and Fig. 5 illustrates thesgii, 12¢ phase lag and lead with respect to phase “a.” The

relations. However, in the direct digital technique, the invert@gterences indicated in the figure correspond to the original
state time lengths are directly calculated employing spacgsicies reporting these modulators.

vector theory, and zero-state partitioning (ZSP) is selected byrhe modulators illustrated in Fig. 6 can be separated into

the programmer. _ two groups. In the continuous PWM (CPWM) methods, the

In the space-vector approach, employing the complex vagi,qylation waves are always within the triangle peak bound-

able transformation, the time domain modulation signals afies and within every carrier cycle triangle and modulation

translated to the complex reference voltage vector whighyes intersect, and, therefore, on and off switchings occur.

rotates in the complex coordinates with tef angular speed |, the discontinuous PWM (DPWM) methods, the modulation
in the following: wave of a phase has at least one segment which is clamped to

VE = % (v + avi + a0?) the positive _or_negative_ dc rail for at most a tot_al of_ 120

e jwet _ien/3) there_fore, ywthln such mterval_s the correspor_wdln_g m_verter

=Vine'™',  wherea =c¢ : () leg discontinues modulation. Since no modulation implies no

The complex number volt-second balance equation in tRY/{cNing losses, the switching loss characteristics of CPWM

Rth sector of the hexagon in Fig. 3 determines the tinflhd DPWM methods are different. Detailed studies indicated

length of the two adjacent state active inverter stateand '€ Waveform quality and linearity characteristics are also

R+1(R=6— R+1=1) and the total zero-state timeSignificantly different. Therefore, this classification aids in
length in the following: distinguishing the differences.

Of the four modern CPWM methods shown in Fig. 6,

Vrtr + Vryitryr = V¥ (8) the SPWM method is the simplest modulator with limited
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as (Vi,,/9) cos Qwet], the zero-sequence signal approaches
a triangle and the resulting modulation signal approaches
SVPWM.

o ) wt 4 [rad]s B. SVPWM

'DPWMI : The zero-sequence signal of SVPWM is generated by em-
N o/ A ploying the minimum magnitude test which compares the
/17 18] magnitudes of the three reference signals and selects the signal
o with minimum magnitude [14]. Scaling this signal by 0.5, the
{2 2wt 4 [rad]s zero-sequence signal of SVPWM is found. Assufng <
;DPWMQ [vg ], [v%], thenwvy = 0.5 x v}. The analog implementation of
T SVPWM which employs a diode rectifier circuit to collect the
: [7,9]\; minimum magnitude signal from the three reference signals
is possibly the earliest zero-sequence signal injection PWM
method reported [4]. About a decade later, this modulator
reappeared in the literature with direct digital implementation
[2]. Since the direct digital implementation utilized the space-
v vector theory, the method was named SVPWM. In addition
o wt 4 [rad]g to its implementation simplicity, the SVPWM method has
DPWMMIN superior performance characteristics and is possibly the most
: . popular method. However, its high-modulation range perfor-
mance is inferior to DPWM methods, which also employ
; - similar magnitude rules to generate their modulation waves.
0 2 wt 4 [rad]6 0 2 wt 4 [rad]6 In the following, the modern DPWM methods and their
magnitude rules are summarized.

2wt 4 [rad] 6

Fig. 6. Modulation waveforms of the modern PWM methddg; = 0.7).

C. DPWM3

voltage linearity range and poor waveform quality in the Nigh- 1,5 eterence signal with the intermediate magnitude de-
modulation range. The triangle intersection implementation ffes the zero-sequence signal. Assumd < |vZ| < |v7],

the space-vector PWM (SVPWM) method and the two thirg ., vo = sign (v8)(Vae/2) — vt This method has low-
harmonic injection PWM (THIPWM) methods are the othef, 1 onic distortiorl; characteristi%s [12].

three CPWM methods which were reported in the literature.

These modulators are discussed in the following. D. DPWMMAX

A THIPWM The reference signal with the maximum value defines the
' zero sequence. Assumg < v} < o¥, thenvy = (Ve /2) — v}
Due to the simplicity of algebraically defining their zeroyields and phase “c” is unmodulated [15].

sequence signals, these modulators have been frequently dis-

cussed in the literature. With; defined as in (4), the zero-g. ppWMMIN

sequence signal of THIPWM1/6 ig = —(V1,,,/6) cos 3wet _ . - )
[5], and for THIPWML/4, vy = — (Vi /4) cos 3w.t [11] is The reference signal with the minimum value defines the

selected. Both methods suffer from implementation complexiﬁ?r?h s(,jeql;]ence. NOt'C.]? thethDPWII\/II\/{AX and tﬁPWM.'t\ALN
because generating thes3w.¢ signal is difficult both with ethods have nonunitorm hermal stress on the swiiching

hardware and software. Trigonometric identities can be utilizg&) vg:est. andl n DP:’XMNL'?X Ithe uppirl de.wcgzvt]/i/lvl\ej”n%uer
to computecos 3w.t from the cosw.t signal, however, in an conduction 1osses than the lower, while in €

on-line implementation the computational intensity (severgppos'te Is true.

multiplications are required) results in loss of significance

by several bits, and poor resolution is obtained in signgr GDPWM

processors with limited word length. In an off-line imple- DPWMO [9], [16], DPWMZ1 [17], [18], and DPWM2 [7], [9]
mentation, the functions can be precalculated and storedaire three special cases of a generalized DPWM (GDPWM)
the memory for on-line access. Although the THIPWM1/4nethod [19], therefore, a general study of the GDPWM
has theoretically minimum harmonic distortion, it is onlymethod is sufficient. Fig. 7 illustrates the zero-sequence signal
slightly better than SVPWM and has narrower voltage lineariggeneration method of GDPWM. To aid the description of
range [6], [12], [13]. With their performance being inferior tc’GDPWM, it is useful to define the modulator phase angle
SVPWM and implementation complexity significantly highery increasing from the intersection point of the two reference
both THIPWM methods have academic and historical valumodulation waves ats.t = («/6) as shown in Fig. 7. From
but little practical importance. Also note when higher ordep to v + (7 /3), the zero-sequence signal is the shaded signal
triplen harmonics are added to the THIPWM1/6 signal [sualhich is equal to the difference between the saturation line



HAVA et al: SIMPLE ANALYTICAL AND GRAPHICAL METHODS FOR PWM-VSI DRIVES 53

0 |\’I " |\’I |\/ ot
R

Fig. 7. Generating the GDPWM zero-sequence signal withythariable.

(Vae/2) and the reference modulation signal which passes the
maximum magnitude test. In the maximum magnitude test, all
three reference modulation signals, v;, andv} are phase = SVPWM: &=, =05 DPWMMAX:{=0 DPWMMIN:,=0
shifted bys) — (7 /6), and of the three new signalg,., v;, Fig. 8. Zero-state partitioning of the modern PWM methods. DPWMMIN,
and v*,, the one with the maximum magnitude determineSPWMMAX, and SVPWM have space-invariant partitioning.

the zero-sequence signal. Assufag,| > |vf.|, v, |, then
vo = (sign (v2))(Va./2) — vi. Adding this zero-sequence
signal to the three original modulation wave$, v, and
v:, the GDPWM wavesy}*, v;*, and v;* are generated.

the triangle intersection PWM method is superior to the direct
digital method from a simulation as well as implementation

a” perspective. With the modulation signals generated by the
For¢) = 0 DPWMO, ¢/ = (x/6) DPWML1, and+) = (7/3) . :
DPWM2 correspond to only three operating points on the fur|1|1agn|tude test, the performance analysis follows.

1 range of the modulatof0 < ¢ < (x/3)). Due to their
superior performance characteristics, these three operating IV. WAVEFORM QUALITY
points of GDPWM have found a wide range of applications. The linear modulation range output voltage of a carrier-
All the magnitude tests require a small number of conbased PWM-VSI drive contains harmonics at the carrier fre-
putations and therefore can be easily implemented withgaency, at its integer multiples, and at the side bands of all
microcontroller or DSP. Due to the simplicity of the algorithmihese frequencies which will all be termed as “the switching
it is easy to program two or more methods and on-line selggéquency harmonics.” With sufficiently high-carrier frequency
a modulator in each operating region in order to obtain thg to fundamental frequency, ratios((f,/f.) > 20), the low-
highest performance [19]. Analog or digital hardware implgrequency reference volt seconds are programmed accurately
mentations of the above modulators can be easily developgfll the subcarrier frequency harmonic content is negligible
by following the magnitude test computational procedurefB]. Since modern power electronics switching devices such
With the exception of THIPWM and SPWM methods, alks insulated gate bipolar transistors (IGBT’s) and MOSFET's
the above discussed triangle intersection PWM methods agpically meet this requirement, the voltage and current wave-
be easily implemented in the direct digital method. Mappin@rm quality of the PWM-VSI drives is determined by the
the zero-state partitioning of the time domain modulatiogwitching frequency harmonics. Since they determine the
waves of Fig. 6 onto the vector space domain, the direslitching frequency copper losses and the torque ripple of
digital implementation equivalents can be easily obtained. motor load and the line current total harmonic distortion
Fig. 8 illustrates this equivalency and the ZSP of each meth@HD) of a line-connected VSI, the switching frequency
A clear illustration of this equivalency is an important steparmonic characteristics of a PWM-VSI drive are important
toward simplifying the learning process. in determining the performance. While the copper losses are
Due to its simplicity, the magnitude test is a very effeameasured over a fundamental cycle and therefore require a per
tive tool for simulation, analysis, and graphic illustration ofundamental cycle (macroscopic) rms ripple current value cal-
different modulation methods. For example, the simulation Qulation, the peak and local stresses are properly investigated
DSP implementation of the SVPWM method with a direadn a per-carrier cycle (microscopic) base. Therefore, first a
digital technique is involved: the sector to which the voltageicroscopic and then a macroscopic investigation is required.
vector belongs has to be identified first, then the time lengthPerhaps, the most intuitive and straightforward approach for
of each active vector must be calculated, and finally gadmalytical investigation of the switching frequency harmonic
pulses must be generated in a correct sequence. Althougbhéracteristics of a PWM-VSI is the vector space approach
is possible to reduce the direct digital PWM algorithms, thR1], [22]. As illustrated in the vector diagram of Fig. 9, within
effort does not yield as simple and intuitive a solution as theach carrier cycle the harmonic voltage vectgrg, V2., and
magnitude test [20]. Therefore, employing the magnitude te¥t;, are space and modulation index dependent. Along with the
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Fig. 9. Harmonic flux trajectories in the first segment of the hexagon.

harmonic voltage vectors, the duty cycle of the active inverter In the second half of the carrier cycle, the harmonic flux
states and partitioning of the two zero states determine th@n be calculated from the symmetry conditida(d) =
harmonic current trajectories. Instead of the harmonic curreai\; (1—d). However, in this half the inverter state duty cycles
trajectories, the conceptual harmonic flux (time integral of theust be evaluated in the reverse sequence to the first half of the
harmonic voltage vector);, trajectories can be investigatedcarrier cycle. The above equation can be easily programmed
and with the assumption the load switching frequency modlr any PWM method, and the space and modulation index
is an inductance [this is true in most applications due tependency of the harmonic flux/current can be graphically
(fs/fe)>20], the harmonic current and harmonic flux traillustrated. Since the inverter hexagon has sixfold symmetry,
jectories are only different in scale\ = L<). The harmonic only the first segment need be investigated. The duty cycle of
flux in the Nth carrier cycle is calculated in the following: the active stated; andd, in this segment are calculated from

(N41)T, (9), (10), and (14). In the direct digital method, the zero states
An(M;, 0, Vo) = / (Vi = V™) dt. (15) are directly defined, while in the triangle intersection method
NT, the modulation waves are utilized to calculate the phase duty

In the above formulaV; is the inverter output-voltage cycles from (2). For example, foR = 1, Fig. 5 suggests
vector of thekth state, and within the carrier cycle it changeg, = 4, andd; = d. 4
according to the selected switching sequence (7-2-1-0-0-1-2-Tig. 10 illustrates the normalized harmonic flux trajectories
for R = 1). Note the harmonic flux calculation requires ngvhich are calculated from (18) for various modulators and
load information and completely characterizes the switchingperating conditions. To allow better visualization and clearer
frequency behavior of a modulator. Since for higlf f. values harmonic flux trajectory comparison, only the trajectories in
the V* term can be assumed constant within a carrier cydlge first half of a carrier cycle are illustrated in the figure
and theV; terms are constant complex numbers, the abo¥@d the second half is always the exact symmetric of the
integral can be closed-form calculated and the flux trajectoriggt. Fig. 10(a) illustrates the space dependency of the SPWM
are linear over each state. Assuming its value at the beginnigthod harmonic flux. As the figure indicates, the “0” and “7”
of the carrier cycle is zero, the harmonic flux vector crossegate duty cycles are not always equally split and the varying
the origin at the center and at the end of the carrier cydigangle shapes indicate the space dependency of the harmonic
again. Therefore, (15) always assumes zero initial value. Sirfigx is strong. Fig. 10(b) compares SVPWM and THIPWM1/4
in the triangular intersection and direct digital PWM method®r two different angular positions. Ab.t = 30°, the triangles
only symmetric switching sequences are generated, the integii@ identical, however, at. t = 15° the triangles have slipped.
need only be calculated in the first half of the carrier cycle, angthile SVPWM splits the zero states equally, the THIPWM1/4
the second half of the trajectory is exact symmetrical to thRethod does slide the triangle in the direction such that the
first. As illustrated in Fig. 9 for the first segment of the invertegenter of gravity becomes closer to the origin. Since the
hexagon, the harmonic flux trajectories form two trianglegistance to the origin is equal to the magnitude of the harmonic
which may slide along the reference vector line in oppositRix, the trajectories which are closer to the origin result
directions with respect to the origin. It is apparent from thg smaller harmonic flux and the per-carrier cycle rms flux
diagram ZSP determines the slip and affects the harmoRiglue decreases [10]. Fig. 10(c) and (d) compares SVPWM
characteristics. Therefore, the harmonic flux trajectories ghd DPWM1 and illustrates that the DPWM method always
each PWM method are unique. skips one of the two zero states. Therefore, the DPWM1 flux

Calculating the harmonic flux vector for a half carrier cyclgriangle is quite distant from the origin. However, increasing
for the first region of the vector space for an arbitrary sete carrier frequency shrinks the triangle size and brings the
of M;,6, and ZSP(V) and normalizing toA, for further weight center of the triangle closer to the origin and reduces
simplification, the following normalized analytical harmonighe harmonic flux. When comparing the CPWM and DPWM

flux formula A1 (d, M;, 6) yields: modulator performances, to account for the reduction in the
2Vae T, number of per fundamental cycle switchings of the DPWM
Ay = r 2 (16) methods, a carrier frequency coefficietyt is introduced in
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Fig. 10. The switching frequency harmonic flux trajectories of various PWM methods. (a) SPWM, (b) SVPWM and THIPWM1/4 compatgd=or5°
and w.t = 30° values, (c) SVPWM and DPWM1 comparéé; = 1), and (d) SVPWM and DPWML1 fok; = £

the following: low M;. The THIPWM1/4 method, which is the minimum
f harmonic distortion method—the optimality condition can be
ky= y (19) verified by searching the minimum of (20) with respectito
sDPWM

[12]—has only slightly less distortion than SVPWM and only
Employing (18), the per-carrier cycle rms value of th@ear the 18 and 45 range. Since the DPWM methods have a
harmonic flux A;,nc Can be closed-form calculated. Sinceliscrete ZSP (zero or one) and within certain segments ZSP of
the first and the second halves of the trajectory have tharious DPWM methods is the same (see Fig. 8). Therefore,
same rms value due to symmetry, calculating only the firsalculating the rms harmonic flux of DPWM methods is a

is sufficient. Involved calculations yield the following; and relatively simple task andy = 0 for A and {; = 1 for

duty-cycle-dependent formula: C are the only two functions required to determine the rms
L flux curves of all DPWM methods. The overall comparison
A= / Mdd = A}, 4+ A\, + X2, (20) indicates SVPWM provides superior performance in the low-

modulation range, however, ad4; increases, the performance
22— M2 B+ d2 — dy— dy + 2dod 21 of DPWM methods significantly improves and becomes com-
t ‘ < T 0= Gt 2oy (21) parable to SVPWM.

) 7r4 5 5 4 4 5 5 As Figs. 11 and 12 clearly illustrate the strong space de-
Al = 79 [ (2d} — 4d; — 4dy + 2d5 + Tddy — 2dydY) pendency of the per-carrier cycle rms harmonic distortion
characteristics of all the modern PWM methods, it becomes
+ dfdg} (22) apparent that performance can be gained by modulating the
carrier frequency. If the carrier frequency is methodically
M, = 72[ dyd2 + do(dyd3 — 2d2 + 2d3 — d?d,)]. (23) increased at the high-rms harmonic flux intervals and re-

duced at the low-harmonic rms flux intervals, then the overall
Employing the above formula, theé and M; dependency harmonic distortion characteristics can be reduced [23]. Pro-
of A2 of various PWM methods can be easily computedided the inverter average switching frequency is maintained
and graphically illustrated. Figs. 11 and 12 compare the rmgnstant, the switching loss characteristics are not affected
harmonic flux characteristics of the modern methods for tway the frequency modulation and performance gain without
modulation index values fok; = 1. The figures indicate efficiency reduction becomes possible. Since the per-carrier
the CPWM methods have lower harmonic distortion than thleycle rms harmonic flux characteristics are strongly influenced
DPWM methods, and the difference is more pronounced laf the modulator zero-sequence signhals and they repeat at
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0.025 ; g ; ; g For each modulator, the above integral yields a polynomial
: ' ' : function of M; with unique coefficients, and it can be written
in the following M;-dependent harmonic distortion function
(HDF) formula:
) ; 72 72 5 .
0015 b ; e L T i )\lfrmsz_ HDF = — (amM + b M + ¢ M.
Mpys | AB: DPWMI | . | 288 288
CD: DPWM3 ' 4 (25)
ootk CB: DPW MO, DPWMMIN ] ) . .
AD : DPWM2, DPWMMAX : Calculatinga,,, b, andc,, of each modulator involves sig-
'E v : ' E nificant algebraic manipulations. The resulting HDF functions
0.005 '"““"‘"‘,_ . ; : ;“;‘““ of the discussed modulators are summarized in the following:
B SPWM ' : 374 N2 4/3/4
F:SVPWM, THIPWM1/4 THIPWM1/6 HDFspwi = — <—Mi> - i <—Mi>
l:'0 10 20 We t 30 40 [deg] 60 2 w w w
9\ /4. \*
Fig. 11. The space dependency of the per-carrier cycle normalized rms + | = —M; (26)
harmonic flux of the modern PWM methods fof; = 0.4 andk; = 1. 8 0
2 3
3(4 4/3 (4
- HDFruipwie =5 <_Mz> - <_Mz>
- Qo Qo Qo
0.018 4 4
+ <—Mi (27)
0.016}- s
2

0.014

3(4 4/3(4
HDFraipwMma —§<_Mi> - <_Mz>

3
() e

0012

2 o
MeMS oml

G: THIPWM1/4;

| F. o HTHIPWML/G ... N E- 374 2 4/3
0.006 H
, AB: . DPWM1 HDFsvpwm = 2<—M<> ——<—Mz>
. C : DP MO, .DP.WM..M.I.N ....... j 4
PR AD T DPW MY, DPWMMAX 27 81V3 ). @9
. : 16 647
[ 10 20 We t 30 [deg] 50 60

fo 12, Th d J - | ived As was shown in Figs. 11 and 12, the harmonic flux of DPWM
1g. € Space dependency O e per-carrler Cycle normalizea r
harmonic flux of the modern PWM methods fdf; = 0.78 andk; = 1. Miethods consists of a combination of the A, B, C, and D
segments. A and B yield equivalent distortion and so do C and
_ ~ D. Therefore, calculating the HDF of A-B (HQ¥x14x) and C-
the same frequency, the zero-sequence signals can aidDIpHDFpyy) is sufficient in determining the performance of

establishing simple frequency modulation signals and simpi@ the DPWM methods discussed. The results are as follows:
implementations result [13]. Since the frequency modulation

2 - 3
techniques are most beneficial to modulators with strongly HDFpax :6<éMi> — @ <éMZ>
space-dependent rms harmonic flux characteristics, CPWM i 27 d
methods are more suitable candidates than DPWM methods < 27\/—><

MZ>

for this approach. In addition to reducing the rms harmonic dis- (30)

tortion and the peak ripple current, the frequency modulation
techniques also flatten the inverter output-voltage/current har- 4 2 45 — 623\ 7/ 4 3
HDFpwmiN :6<_Mi> + 45— 623 <_Mz>
w

8 327

monic spectrum. Therefore, they are suitable for high-power- o
quality applications that require a flat harmonic spectrum with f
no dominant harmonic content. <2_7 27\/3> <éM>

Since it determines the waveform quality and harmonic 8 + 167 (31)

losses, the per fundamental cycle rms vahg,,s of the h ior f h hods h
harmonic flux is the most important performance character- For the same carrier frequency, the DPWM methods have
istic of a modulator. Since the? characteristics of the fewer switchings per fundamental cycle than the CPWM

1rms
modern PWM methods have sixfold space symmetry, the F{E thods therefore, to illustrate the carrier frequency effect,
ky is included in the HDF formulas of the DPWM methods

fundamental cycle (per 6an space) rms harmonic flux value

can be calculated in the following: HDFppwan = k7 x HDFpyax (32)
HDFDPVVM3 = ]fJQc X HDFDMTN (33)

)\lfrms _ § /71-/3 )\%rms . (24) HDFppwMmo = Iﬂ/‘?‘ x 0.5 x (HDFDMIN + HDFDMAx)
7 Jo (34)
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Fig. 14. Normalized inverter input harmonic current rms value characteris-
tics K'7;, = f(M;) of PWM-VSI for cos p as parameter.

f,{?é,ﬁ,‘ aye?;ge ’;ijgﬁ,i‘;‘gvfqu'ﬂéﬂiy"Zf,ﬁi,ﬂ}gﬂ_‘"a“m range under ConStarﬁarmonics of the DPWM methods are wider and larger in
magnitude. Calculating the individual harmonics and the peak
ripple current is involved and will be omitted herein. Having

HDFppwz =HDFprwaviy = HDFppwaimax illustrated the superior high-modulation range waveform qual-
=HDFpprwao- (35) ity characteristics of the DPWM methods over SVPWM, in the
xt section the switching losses of DPWM methods will be

current rms valuel, for a load with a transient inductance aracterized to aid an intelligent modulator choice. Following
13

L,, which can be utilized in calculating the harmonic copp& *?’”ef. section on the inverter input Cu”ef“ harmon|c§, the
losses. is as follows: switching losses of the DPWM methods will be analytically

modeled and their performance evaluated.

The relation between HDF and the per phase harmorﬂg

v 2
2 dc :
I, = <24Lafs> x HDF(M;), for z € {a,b,c}. (36)
Fig. 13 shows the HDF curves of all the discussed PWM he dc link i f . .
methods. In the very low-modulation index range, all CPWM The dc link input current of a PWM invertef;,, consists

methods have practically equal HDF which is superior {3 (he dc average valug,. which corresponds to the average

all DPWM methods. As the modulation index increases, tRPWer transfer to the load and switching frequency component
SPWM performance rapidly degrades while the remainir(qf"" Wh'ﬁh Ids dll,Jekt‘_) P(;NM SV‘I"tgh'fng' S|L1ce du:mgdth(; zero
CPWM methods maintain low HDF over a wide modulatiot a|1tes tf eh ¢ mI IS decoupie ror':‘r: e ac ‘?ad' t % rms
range. The figure indicates the THIPWM1/4 performance }&'U€ © the ripple current;pms, Which is required in dc
only slightly better than SVPWM, and the difference is le ink capacitor design and loss calculations, is independent

noticeable than the local differences shown in Figs. 10 af the zero-sequence signal and therefore of the modulator

12. In the high-modulation range, the DPWM methods a%pe. Since the duty cycles of the invertgr activg states are
superior to SVPWM (Fig. 13) and the intersection point of thif'dependent of the carrier frequendyyy....s is also indepen-
DPWM method of choice and SVPWM defines the optim ent of the carrier frequency. S|m|Iar_ to the inverter output
transition point. Although in the high-modulation range th&U/TeNt harmonic rms current calculatiofyy.:,s can also be
DPWM3 method has less HDF than the other DPWM methoo%ff\sny calculated by _esta_\bllshlng a per-carrier cycle rms value
the improvement is marginal and the modulator Selecti(mrmula_and_evaluatlng I over an inverter segment [21]. The
criteria can be based on the switching loss characteristics aﬁq(lgullatg)n yields t][]e ;ollowmg\lﬂ, load power factofcos ¢),
voltage linearity characteristics which are stronger functior? oad current fundamental component rms valfig;.;)

of the DPWM methods. The HDF of GDPWM methodis ependent dc link current ripple factéfy;, formula:

dependent and varies between curves 5 and 6 of Fig. 13. Its

V. INVERTER INPUT CURRENT HARMONICS

HDF can be approximated with the average value of (32) and- ~ _ I2 s _ 2v/3 M. 83 1B M; | M; cos? o
(34) T e T S A
HDFcppwMm & kj% x 0.25 x (HDFDMIN + 3HDFDMAx). (38)

37) Fig. 14 illustrates theM; and cos e dependency of the
Since the HDF of each PWM method is unique, the switchk<;;,, factor. The maximum ripple occurs atsy = 1 and
ing frequency harmonic spectrum of each method is alsb M; = (5/3/18) ~ 0.48 (a reasonable design point for
unique. Since the DPWM methods have two fewer switcltapacitor sizing), and the ripple is independentcof ¢ at
ings per-carrier cycle than CPWM methods, the side-badd; = (8/v/3/18) =~ 0.77.
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Fig. 15. The inverter per phase model and per-carrier cycle switching loss| ¢ Y+1/6
diagram under linear commutation.

VI. SWITCHING LOSSES ° ! ? oot e °
The switching losses of a PWM-VSI drive are load-curreriiig. 16. The average switching losses of GDPWRwave = f (%, #).
dependent and increase with the current magnitude (approx-
imately linearly). With C(IjDWI_\/Ih_methorc]is, all the thlree—fphafsfs ¢ independent), the switching loss function (SLF) of a
currents are commutated within each carrier cycle of a fyll 4 1ator can be found
fundamental cycle. Therefore, for all CPWM methods, the
switching losses are the same and independent of the load

current phase angle. With DPWM methods, however, the p_ VacImax X (fon + tor) (40)
switching losses are significantly influenced by the modulation T T, on T Foll

method and load power factor angle. Because DPWM methods Peyave

cease to switch each switch for a total of 128er funda- SLF= P (41)

o

mental cycle and the location of the unmodulated segments
with respect to the modulation wave fundamental component
phase is modulator-type dependent. Therefore, the load powein (40), the variabld,,,., represents the load current funda-
factor and the modulation method together determine the timental component maximum value. By the definition of (41),
interval that the load current is not commutated. Since thiee SLF of CPWM methods is unity. The SLF of the DPWM
switching losses are strongly dependent on and increase withthods can be easily calculated from the current switching
the magnitude of the commutating phase current, selectifumnction. Fig. 16 shows thé andy dependent switching loss
a DPWM method with reduced switching losses can signifiunction waveforms of GDPWM. Applying the procedure to
cantly contribute to the performance of the drive. Therefore, B®DPWM yields the following SLF [13]:
is necessary to characterize and compare the switching losses
of DPWM methods.

Assuming the inverter switching devices have linear currenSLFapprwm

turn-on and turn-off characteristics with respect to time and V3 4 7r 7r
accounting only for the fundamental component of the load o 8 <_ tY - ‘P> —5Sys-5+ v
current, the switching losses of a PWM-VSI drive can be _ r r r
analytically modeled [9]. Shown in Fig. 15, the single-phase ) 1~ 3 Sif (5 to - ‘p) o tvses gty
inverter model and the switching voltage/current diagram aid V3 7r 7r 7r
calculating the switching losses. Deriving the local (per-carrier g O (3 - <P) g TVsvsy

cycle) switching loss formula and calculating its average value (42)

over the fundamental cycle, the per fundamental cycle inverter

per device switching los#,... can be calculated as follows:
1 Vaelfon +to) 2 The SLF function of the DPWMO0, DPWM1, and DPWM2
_— Zdc\fon T Pofl ] £:(6) de. (39) can be easily evaluated from (42) by substitutihg- 0, ) =
2 2T, 0 (n/6), andy = (x/3). The SLF of the remaining DPWM
In the above formulat,, andt.; variables represent themethods are as follows:
turn-on and turn-off times of the switching devices gh@) is

P swave —

the switching current function. The switching current function 1 1 . .
1:(8) equals zero in the intervals where modulation ceases and 571 sin @ -5 << 5
the absolute value of the corresponding phase current value V3

LFp = 3 " T (43)
elsewhere. As a result, the phase current power factor angl«;S PWMMIN = 9§ 1 — s % Se< G
¢ enters the formula as the integral boundary term and 1 1. Tcu<™
dependent switching loss formula yields. NormaliziRg,aye o T8y S¢Sy

to P,, the switching loss value under CPWM condition (which SLFhpwiviviax = SLFhpwvvN (44)
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Fig. 17. SLF= f(») characteristics of the popular DPWM methods under
fixed carrier frequency constraifBLFcpwyv = 1).

Fig. 18. Vector space illustration of the PWM inverter voltage linearity

(140.5(v/3— 1)sing fimits.
—S<e<—2
0'5(COS2¢ — sing) 3 carrier wave peak valqﬁ(VdC/2), the inverter ceases to .match
e T the reference per-carrier cycle volt seconds and a nonlinear ref-
3=¥Y="75% erence output-voltage relation results within certain intervals.
1-0.5(v3—1)cosg SPWM's linear modulation range ends f;, = (Vy./2),
SLFprwus = _z << il (45) i.e., @ modulation index ofMispwym = (n/4) = 0.785.
0_5(COS%+Sin¢)6 Injecting a zero-sequence signal to the. S.PWM signal can
L o<t flatten and contain the modulation wave withiVy./2) such
6 _ "~ 3 that the linearity range is extended to at maddi .. =
1- 0-57(r\/§— 1)§§H<P (7/2+/3) ~ 0.907 which is the theoretical inverter linearity
—<ep< - limit [4], [5], [13]. With the exception of THIPWMZ1/4 which

loses linearity atMyramwnize = (3v3/7V7)r ~ 0.881,

e 0Tl the discussed zero-sequence injection PWM methods are
(39) may have limited accuracy due to unmodeled switchigg .o niil My oo

device characteristics, the relative switching losses which are, he direct digital technique, when the reference voltage

represented with the SLF function are always predicted Wit 1o fa1is outside the modulator linearity region, (11) yields
hlgher accuracy. S_mce the SLF derivation assumes th_e Same ¢+ <o, indicating the reference volt seconds cannot be
device characteristics both Ryave and /%, the error direction aiched by the inverter, and a volt-second error is inevitable.
is the same in both terms and therefore the relative ergfqn in Fig. 18, the complex plane linearity boundaries of
IS reduced_. The SLF func'_uons are p_ow_erful analytical “?Otﬁe modern modulators correspond to hexagons. The outer
for evaluating and comparing the switching losses of varioyg, 4o is the inverter theoretical linearity limit and with the
DPWM methods. » exception of SPWM, THIPWM1/4, and THIPWML/6, all the
Fig. 17 shows the SLF characteristics of the modern DPWs. ssed pwiM methods (direct digital or triangle intersection
methods along with the minimum SLF solution the GDPWM,qe ) are linear inside the hexagon. The SPWM linearity
method y!elds. The optimal solution of GDPWM is obtaineg|yit is shown in the same diagram with the internal hexagon.
by selectingy = (7/6) + ¢ for —(x/6) < ¢ < (7/6) Tpe per fundamental component linearity boundaries of these
[19]. Outside this range, the modulator phase angle must &y ,ators are illustrated with circles which touch the inner
held at the boundary value af = (7/3) for positive ¢ o nqaries of the hexagons. Fig. 19 illustrates the per-carrier
(DPWM2) and at the value af = 0 for negativep (DPWMO) oy 16 yoitage limits of all the modern PWM methods in detalil.
so that the GDPWM voltage linearity is retained. Note that,e 11 1p\wM1/6 method has elliptic boundaries, while the

Ol‘_'t‘c_’ide the—_(57r_/12) S¢S (5”_/12) range DPWM3 yie_Ids_ THIPWM1/4 linearity boundaries resemble the shape of a star
minimum switching losses. As Fig. 17 indicates, the switching, 10 edges [13].

losses of DPWM methods strongly depend prand can be e reqgion starting from the end of the linear modu-
reduced to 50% of the CPWM methods. Therefore, the Sikiion region of a modulator until the six-step operating
characteristics are as important as the HDF charactenstlcspmnt (M; = 1) is called the overmodulation region. All
determining the performance of a modulator. the PWM-VSI drives experience performance degradation in
the overmodulation region and operating in this region is
often problematic [13], [24]-[27]. The output-voltage wave-
In the triangle intersection PWM technique, when the moderm quality degrades (subcarrier frequency harmonics are
ulation wave magnitude becomes larger than the trianguggnerated), and the voltage becomes increasingly smaller

VII. OVERMODULATION AND VOLTAGE GAIN
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T T T T T T various PWM methods. The switching loss and waveform
: : : i : j guality comparisons indicate SVPWM at low modulation and
1 IS SO S i ES T A DPWM methods at the high-modulation range have superior
: : : : : ‘ performance. The tools and graphics aid the modulator selec-
tion and PWM inverter design process. The magnitude test is

1_ , .......... 3 .......... 4 ......... ............. ............ N an elegant method for generatlng the modulatlon Waveforms
: j AN ﬁ fast and accurately by digital hardware/software or analog
08* ............. ............. .. . e 4 hardware The analytlcal methods are alSO helpful |n gener_
—vy 1; , 5 ating graphics of the microscopic current ripple characteristics
P OSSOSO SO SIS SO\ \ VOSSO and illustrating the performance characteristics and the differ-
: : : ence between various modulators. Therefore, they aid visual
1:SPWM . learning. As a result, the paper helps the PWM learning and
04_, .............. .............. .............. i . . . . .
9 THIPWM1/4 design experience become simple and intuitive.
ol 3:THIPWM1/6. .
4 ::All Other Methods REFERENCES
0 ; ; i ; [1] A. Schonung and H. Stemmler, “Static frequency changers with subhar-
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Fig. 19. Vector space illustration of the modulator per-carrier cycle voltagé 1
linearity limits. All voltage vectors are normalized 1G;. /2.
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