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ECE 331 Introduction to Random Signal Analysis and Statistics

Homework #3 Suggested Solutions

Chapter 2: 12, 13, 14, 16, 17, 18, 20, 26, 27, 29, 34, 35, 36. Chapter 3: 3, 4, 5, 6, 10(a), 11(a), 19,

20(a), 21
: _g 1 Jfe’ _1g 1"emk1g e’ _1-e”

1. (2-12, 4 points) E[1/(X +D)] = ka:0 ” +1><—k! I ka:0 K+ I ma:l poy I

2. (2-13, 4 points) E[X?] = Var(X) + m* =7+ 2* = 11.

3. (2-14, 4 points) G(z2) = (1/6) + (1/6)z + (2/3)Z°. G'(2) = (1/6) + (4/3) z, and GP(2) = 4/3.
However, E[X] = G'(1) = (1/6) + (4/3) = 9/6 = 3/2, E[X(X- 1)] = G®(1) = 4/3 = E[X?] - E[X].
Hence E[X?] = E[X] + 4/3 = 3/2 + 4/3 = 17/6, and Var(X) = E[X?] - (E[X])* = 17/6 - (3/2)*=
7/12.

4. (2-16, 4 points) G(2) = [(1- p)+pz]". E[Y] = G'(1) = n[(1- p)+pz]™ ‘p¥e-1 = np. GO(2) =
n(n- D)[(1- p)+pz]™ 2p? and E[Y (Y- 1)] = GP(1) = n(n- 1)p>. Thus, E[Y?] = n(n- 1)p*+ np, and
Var(Y) = E[Y?] - (E[Y])? =( n(n- 1)p*+ np) - (np) =np- np’=np(1- p).

5. (2-17, 4 points) X~Poisson(l ) b Gx(2) = exp(l (z- 1)). Y= X1 + ...+ Xo. E[2] = E[Z**7] =
E[ZY] ... E[Z"] = [exp(l (z 1))]" = exp(nl (z- 1)).

6. (2-18, 4 points) a@gp"(l- p)"k

gk@

7. (2-20, 4 points) Since X and Y are independent r.v.s, E[(X+Y)?] = E[X¥] + 3E[X? E[Y] +
3E[XIE[Y]] + E[Y’]. GX(2) = G2 = (1-p) + pz E[X]=E[Y] = G'(1) = p, E[X(X- 1)] = G¥(1)
= 0, and E[ X(X- 1)(X- 2)] = G®¥(1) = 0. Thus, E[X?] = E[Y?] = p, and E[X*] = E[Y]] = 3E[X?] -
2E[X] = 3p- 2p = p. Hence, E[(X+Y)?] = p+3p®+3p*+p = 6p° + 2p.

8. (2-26,4points) P(Y <2|X =i)=P(Y =1| X =i)+P(Y =0| X =i)=np,(1- p,)"* +(1- p,)"

9. (2-27,4points) P(X >2|Y = j)=§ | "kl_ | =1-e I (1+], +12/2)

10. (2-29, 6 points) Assume that only 1 or 2 can be transmitted. Define a Bernoulli random variable

T ~ Bernoulli(0.5) such that T = 1 or 2 with equal probahility of 0.5. We then have P(R=r|T=1) ~
Poisson(m), P(R=r|T=2) ~ Poisson(n). To find P(T=1|R=2) = P(R=2|T=1)P(T=1)/P(R=2). Use
law of total probability,

PR=2=P(R=2|T =)PT =) +P(R=2|T =2)P(T =2)

-m 2 .-n —m+ 2,4-n
:rnze (0.5)+n e (0.5):mze n‘e
2 2 4
-m -m 24-N -m
Thus, P(T :1|R:2):mZe /mze e’ _ f“ze = 12 _
4 4 me "+n’e™" 1+ /m)’e

lof4



3/5/01, Spring 2001 Yu Hen Hu

11. (2-34, 6 points) (i) Recall that px(X=1) = 1/3, and px(X=2) = 2/3. We have,
Py (1,]) _\|,3je_3/j! i=1j30

=j|X =i)= =i . Thus,
P =TI =D =200 “Tsies st =250
[ s .
iajxs'e”/j i =1
[ i3 i=1
E[Y |X =i]=1Q j6'e®/j =2 =6 i=2
1 i=0 1 .
: 0 otherwise. 10 Otherwise.
1
|
j-1.-3 j-1.-6
(i) From problem 2-11, p, (j) = >—¢ +j‘|‘"6 € . j30. Hence,
¥ j-1 Jl
E[Y]= aij(j) a 3 € “I“‘G _1+4:5. Or alternatively,
j=0 JO J

E[Y]=E[ Y]X=1] P(X="1)+E[ Y|X=2] P(X=2) = 3(1/3) + 6(2/3) = 1+ 4= 5.

3 e *+8x6 e |
(i)) ELX[Y=]] = 1 pydX=1]Y=]) + 2- pyd(X=2|Y=]) = "12:6 6 ,J 30
12. (2-35, 8 points) pyx(n|k) ~ Poisson(k), px(K) ~ geometrlcl(p). Using law of total probability of
expectations (re. Example 2.25),

_ 3 _ k-1 _ & khe " 0 1 _ 3 k-1
ElY]=a E[Y | X=k]p""@-p)=agan——m (A-p)=akp (- p)
k=1 k=1&n=0 n g k=1
& 0 dael .6 1 1
=(1- p)— A= pilgE=-12=a- px =
dp gk:l 2 dpgl-p 4 - p)*> 1-p

E[XY]=§ E[XY |X =kp, (k) = aE[kwx KIp, (k) = ak>E[Y|x KI>p, ()

k=1 =1 =1
¥ ¥
=a kX, (k) =(1- p)a k?p“*
k=1 k=1
d?p* ‘o $ o d? & 0" _d’el o) 2
But =k(k-Dp““.Hence g k(k-D)p““ = -1- p==
dp® 92 p? 22 “dp?&l- p g @-p)°
and E[XY] = (L- p)A [k(k - D +k]p** = p(i- p)a (k- Dp* 2 +EIV] = ”;
k=1 p
X ¥a L kheko X _
E[Y?]=Q E[Y?|X =klp,(k)=a ga n* : Iy (K) =@ (k? +K)xp**(1- p)
k=1 k=1€n=0 n g k=1

=E[XY]+E[Y]=2/1- p)°
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o , @ 2 106@l16_ 2-p 1
renee Var () = B - B = oy T pg % ps @ p? 1op

13. (2-35, 4 points) Given X ~ Bernoulli(p), pyx(n|1) ~ Poisson(l ), and pyx(n|0) ~ Poisson(l /2).
E[Y]X=1] = | since pyx(n|1) ~ Poisson(l ). E[Y]X=0] = | /2 since pyx(n|0) ~ Poisson(l /2).
E[Y] = E[Y|X=1] p+ E[Y]X=0] (I-p)=Ip+ | (1-p)/2=1/2+ | p/2.
Using example 2.15, E[Y?] = E[Y’|X=1] p + E[Y}X=0] (1- p) =(I %+1 )p+ (I ¥4+1 /2)(1- p).
Var(Y) = E[Y]- (E[Y])? = (1+p)! /2 + p(1- p)l ?/4.

t
14. (3-3, 4 points) (8) P(>1) = 1- e *dx =1- [ (e - 9)=e".
x=0
(b) Notethat {w; X(w) >t + Dt} I {w; X (w) >t} . Hence P(X>t+Dt[X>t) = P(X>t+Dt)/P(X>t) =
g EDglt = oDt

15. (3-4, 4 points) Xy, ..., Xn ~exp(l ), i.i.d.

@ Pmin(Xy, ..., X)) > 2) = P(ﬁ{xi >2}):6P(Xi >2) =g 2"

()  P(max(Xy, ... Xo) > 2) = P(Lnj{xi >2))=1- P(ﬁ{xi £2})=1- 1- )"

16. (3-5, 6 points) X ~exp(l ), Y ~ exp(n). X, Y are independent r.v.s.

(@ P(YE2)=1-€™

(b) P(XE12, YE 12) = P(XE12)P(YEL2) = (1- € ' )(1- e °M)

() P(XE12, or YE12) = P(X£12) + P(YE12) - P(XE12, YE12) = (1-€ ™) + (1- e M) -

(1-€ 12| )(1- € 12n) - 1-g@glm
17. (3-6, 6 points)
¥ ¥

€) ;—Xexp(- I xP)=-1px"*exp(-1xP). Hence, ¢y px" e dx = - fexp(-1xP) =1.

x=0+ x=0+

¥ ¥
(b) PX>t)= g px" e ™ dx = - F exp(-1 xP) =exp(-1t°), t> 0.
x=t X=t
(©) PQXES, ..., Xn£3) = (1-exp(-1 3°))" since Xy, ..., Xn ~Weibull(p,l ) and areiid.
P(X1> 3,0r X2> 3, ..., 0r X, > 3) = 1- P(X:£3, ..., Xp£3) = 1- (1- exp(- | 3°))"

18. (3-10(a), 4 points)

@ < xte)=(p- DxP e - x7le . Hence
X
¥ ¥ ¥
SxPle )= gp- DxP%e*dx- (xPledx =0=(p- D&p- 1)- Gp)
x=0 x=0 x=0

or &p) =(p- NG&(p- 1)
19. (3-11(a)(b), 4 points)

3o0f4
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(@) Flrst fi(x) = | f(1 x) 2 0if f(x)3 0 for all x, andl > 0. Moreover,

d (x)dx = d f(l x)dx = 6(I x)d(l x) = 6(y)dy =1. Hencef (x) isalso apdf.
(b) gu=1e'* x>0 ~expl).
. ¥ dé d alo_
20. (3-19, 4 points) E[X] = ™ exp(-1 x)dx = -1 X—ecjaxp( Ix)dxu—-l X—g +=
x=0 dl &-=o0 1] e a9
21. (3-20, 4 points) Xi ~exp(l ), LE1 £n,iid, E[X] = m= 1/l . Hence,| = 1/m
(@) P(atleast one X; < m2) = 1- P(every X; 3 m2) = 1- (exp(- | (M2)))" = 1- (€ "?).

1
|

¥ ¥
22. (3-21, 4 points) E[X] = })x x%dx =-2x(x ) =2
X

x=1 x=1

40f 4



