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Abstract

This paper surveys the new, algorithmic theory of moving frames.
Applications in geometry, computer vision, classical invariant theory, and
numerical analysis are indicated.

1 In tro duction.

The method of moving frames (\rep µeresmobiles") was forged by ¶Elie Cartan,
[11, 12], into a powerful and algorithmic tool for studying the geometric prop-
erties of submanifoldsand their invariants under the action of a transformation
group. However, Cartan's methods remained incompletely understood and the
applications wereexclusively concentrated in classicaldi®erential geometry; see
[17, 18, 20]. In the late 1990's, [15, 16], Mark Fels and I formulated a new
approach to the moving frame theory that can be systematically applied to gen-
eral transformation groups. The key idea is to formulate a moving frame as
an equivariant map to the transformation group. All classicalmoving frames
can be reinterpreted in this manner, but the new approach applies in far wider
generality. Cartan's construction of the moving frame through the normaliza-
tion processis interpreted with the choiceof a cross-sectionto the group orbits.
Building on these two simple ideas, one may algorithmically construct moving
framesand completesystemsof invariants for completely generalgroup actions.
The existenceof a moving frame requiresfreenessof the underlying group action.
Classically, non-free actions are made free by prolonging to jet space,leading
to di®erential invariants and the solution to equivalenceand symmetry prob-
lems via the di®erential invariant signature. More recently , the moving frame
method wasalsoapplied to Cartesian product \prolongations" of group actions,
leading to classi¯cation of joint invariants and joint di®erential invariants, [32].
The combination of jet and Cartesian product actions known as multi-space
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was proposed in [33] as a framework for the geometric analysis of numerical
approximations, and, via the application of the moving frame method, to the
systematic construction of invariant numerical algorithms.

New and signi¯cant applications of these results have been developed in a
wide variety of directions. In [30, 1, 22], the theory was applied to produce
new algorithms for solving the basic symmetry and equivalence problems of
polynomials that form the foundation of classicalinvariant theory. In [24], the
di®erential invariants of projective surfaceswereclassi¯ed and applied to gener-
ate integrable Poisson°ows arising in soliton theory. In [15], the moving frame
algorithm was extended to include in¯nite-dimensional pseudo-groupactions.
Faugeras,[14], initiated the applications of moving frames in computer vision,
and In [10], the characterization of submanifolds via their di®erential invariant
signatureswas applied to the problem of object recognition and symmetry de-
tection, [4, 5, 7, 36]. The moving frame method provides a direct route to the
classi¯cation of joint invariants and joint di®erential invariants, [16, 32], estab-
lishing a geometric counterpart of what Weyl, [39], in the algebraic framework,
calls the ¯rst main theorem for the transformation group. In computer vision,
joint di®erential invariants have been proposed as noise-resistant alternativ es
to the standard di®erential invariant signatures, [6, 8, 13, 26, 37, 38]. The ap-
proximation of higher order di®erential invariants by joint di®erential invariants
and, generally, ordinary joint invariants leadsto fully invariant ¯nite di®erence
numerical schemes, ¯rst proposed in [9, 10, 3, 33]. A complete solution to
the calculus of variations problem of directly constructing di®erential invariant
Euler-Lagrange equations from their di®erential invariant Lagrangians in the
has beenrecently e®ected,[23]. Finally, the theory has recently beenextended
to the vastly more complicated caseof in¯nite-dimensional Lie pseudo-groups
in recent work with Pohjanpelto, [34, 35].

2 Mo ving Frames.

We begin by outlining the basic moving frame construction in [16]. Let G be
an r -dimensional Lie group acting smoothly on an m-dimensional manifold M .
Let GS = f g 2 G j g ¢S = S g denote the isotropy subgroup of a subsetS ½ M ,
and G¤

S =
T

z2 S Gz its global isotropy subgroup, which consistsof those group
elements which ¯x all points in S. We always assume,without any signi¯cant
loss of generality, that G acts e®ectively on subsets, and so G¤

U = f eg for any
open U ½ M , i.e., there are no group elements other than the identit y which
act completely trivially on an open subsetof M .

The crucial idea is to decouple the moving frame theory from reliance on
any form of frame bundle. In other words,

Moving frames 6= Frames!

A careful study of Cartan's analysisof the caseof projective curves,[11], reveals
that Cartan waswell aware of this fact. However, this important and instructiv e
exampledid not receive the attention it deserves.
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De¯nition 1 A moving frame is a smooth, G-equivariant map ½: M ! G.

The group G acts on itself by left or right multiplication. If ½(z) is any right-
equivariant moving frame then e½(z) = ½(z) ¡ 1 is left-equivariant and conversely.
All classicalmoving frames are left equivariant, but, in many cases,the right
versionsare easierto compute. In many geometricalsituations, onecan identify
our left moving frames with the usual frame-basedversions,but these identi¯-
cations break down for more general transformation groups.

Theorem 2 A moving frame exists in a neighborhood of a point z 2 M if and
only if G acts freely and regularly near z.

Recall that G acts freely if the isotropy subgroup of each point is trivial,
Gz = f eg for all z 2 M . This implies that the orbits all have the samedimension
as G itself. Regularity requires that, in addition, each point x 2 M has a
system of arbitrarily small neighborhoods whoseintersection with each orbit is
connected,cf. [28].

The practical construction of a moving frame is basedon Cartan's method
of normalization, [21, 11], which requires the choice of a (local) cross-section to
the group orbits.

Theorem 3 Let G act freely and regularly on M , and let K ½ M be a cross-
section. Given z 2 M , let g = ½(z) be the unique group element that maps z to
the cross-section : g¢z = ½(z) ¢z 2 K . Then ½: M ! G is a right moving frame
for the group action.

Given local coordinates z = (z1; : : : ; zm ) on M , let w(g; z) = g¢z be the explicit
formulae for the group transformations. The right 1 moving frame g = ½(z)
associated with a coordinate cross-section K = f z1 = c1; : : : ; zr = cr g is
obtained by solving the normalization equations

w1(g; z) = c1; : : : wr (g; z) = cr ; (2.1)

for the group parameters g = (g1; : : : ; gr ) in terms of the coordinates z =
(z1; : : : ; zm ). Substituting the moving frame formulae into the remaining trans-
formation rules leadsto a complete system of invariants for the group action.

Theorem 4 If g = ½(z) is the moving frame solution to the normalization
equations (2.1), then the functions

I 1(z) = wr +1 (½(z); z); : : : I m ¡ r (z) = wm (½(z); z); (2.2)

form a complete systemof functional ly independent invariants.

De¯nition 5 The invariantization of a scalar function F : M ! R with re-
spect to a right moving frame ½is the the invariant function I = ¶(F ) de¯ned
by I (z) = F (½(z) ¢z).

1The left version can be obtained directly by replacing g by g¡ 1 throughout the construc-
tion.
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Invariantization amounts to restricting F to the cross-section,I j K = F j K , and
then requiring that I be constant along the orbits. In particular, if I (z) is an
invariant, then ¶(I ) = I , so invariantization de¯nes a projection, depending on
the moving frame, from functions to invariants. Thus, a moving frame provides
a canonical method of associating an invariant with an arbitrary function.

Of course, most interesting group actions are not free, and therefore do
not admit moving frames in the senseof De¯nition 1. There are two common
methods for converting a non-free(but e®ective) action into a freeaction. In the
traditional moving frame theory, [11, 18, 20], this is accomplishedby prolonging
the action to a jet spaceJn of suitably high order; the consequential invariants
are the classicaldi®erential invariants for the group, [16, 28]. Alternativ ely, one
may consider the product action of G on a su±ciently large Cartesian product
M £ (n +1) ; here, the invariants are joint invariants, [32], of particular interest in
classicalalgebra,[30, 39]. In neither caseis there a generaltheoremguaranteeing
the freenessand regularity of the prolonged or product actions, (indeed, there
are counterexamples in the product case),but such pathologiesnever occur in
practical examples. In our approach to invariant numerical approximations, we
will amalgamatethe two methods by prolonging to an appropriate multi-space,
as de¯ned below.

3 Prolongation and Di®eren tial In varian ts.

Traditional moving frames are obtained by prolonging the group action to the
n-thorder (extended) jet bundle Jn = Jn (M ; p) consisting of equivalenceclasses
of p-dimensional submanifolds S ½ M modulo n-thorder contact at a single
point; see[28, Chapter 3] for details. Since G preserves the contact equiva-
lencerelation, it inducesan action on the jet spaceJn , known as its n-thorder
prolongation and denoted by G(n ) .

An n-thorder moving frame ½(n ) : Jn ! G is an equivariant map de¯ned on
an open subset of the jet space. In practical examples,for n su±ciently large,
the prolonged action G(n ) becomesregular and free on a denseopen subset
Vn ½ Jn , the set of regular jets. It has beenrigorously proved that, for n À 0
su±ciently large, if G acts e®ectively on subsets,then G(n ) acts locally freely
on an open subsetVn ½ Jn , [31].

Theorem 6 An n-thorder moving frame exists in a neighborhood of a point
z(n ) 2 Jn if and only if z(n ) 2 Vn is a regular jet.

Our normalization construction will produce a moving frame and a complete
systemof di®erential invariants in the neighborhood of any regular jet. Local co-
ordinates z = (x; u) on M | consideringthe ¯rst p components x = (x1; : : : ; xp)
as independent variables, and the latter q = m ¡ p components u = (u1; : : : ; uq)
as dependent variables | induce local coordinates z(n ) = (x; u(n ) ) on Jn with
components u®

J representing the partial derivatives of the dependent variables
with respect to the independent variables, [28, 29]. We compute the prolonged
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transformation formulae

w(n ) (g; z(n ) ) = g(n ) ¢z(n ) ; or (y; v(n ) ) = g(n ) ¢(x; u(n ) );

by implicit di®erentiation of the v's with respect to the y's. For simplicit y, we
restrict to a coordinate cross-sectionby choosingr = dim G components of w(n )

to normalize to constants:

w1(g; z(n ) ) = c1; : : : wr (g; z(n ) ) = cr : (3.1)

Solving the normalization equations(3.1) for the group transformations leadsto
the explicit formulae g = ½(n ) (z(n ) ) for the right moving frame. As in Theorem
4, substituting the moving frame formulae into the unnormalized components
of w(n ) leadsto the fundamental n-thorder di®erential invariants

I (n ) (z(n ) ) = w(n ) (½(n ) (z(n ) ); z(n ) ) = ½(n ) (z(n ) ) ¢z(n ) : (3.2)

Once the moving frame is established, the invariantization processwill map
general di®erential functions F (x; u(n ) ) to di®erential invariants I = ¶(F ) =
F ± I (n ) . As before, invariantization de¯nes a projection, depending on the
moving frame, from the spaceof di®erential functions to the spaceof di®er-
ential invariants. The fundamental di®erential invariants I (n ) are obtained by
invariantization of the coordinate functions

H i (x; u(n ) ) = ¶(x i ) = yi (½(n ) (x; u(n ) ); x; u);

I ®
K (x; u(k ) ) = ¶(u®

J ) = v®
K (½(n ) (x; u(n ) ); x; u(k ) ):

(3.3)

In particular, thosecorresponding to the normalization components (3.1) of w(n )

will be constant, and are known as the phantom di®erential invariants.

Theorem 7 Let ½(n ) : Jn ! G be a moving frame of order · n. Every n-
thorder di®erential invariant can be locally written as a function J = ©(I (n ) )
of the fundamental n-thorder di®erential invariants (3.3). The function © is
unique provided it does not depend on the phantom invariants.

Example 8 Let us illustrate the theory with a very simple, well-known exam-
ple: curvesin the Euclidean plane. The orientation-preserving Euclidean group
SE(2) acts on M = R2, mapping a point z = (x; u) to

y = x cosµ ¡ u sinµ + a; v = x sinµ + u cosµ + b: (3.4)

For a generalparametrized2 curve z(t) = (x(t); u(t)), the prolongedgroup trans-
formations

vy =
dv
dy

=
_x sinµ + _u cosµ
_x cosµ ¡ _u sinµ

; vyy =
d2v
dy2 =

_xÄu ¡ Äx _u
( _x cosµ ¡ _u sinµ)3 ; (3.5)

2While the local coordinates (x; u; ux ; uxx ; : : :) on the jet space assume that the curve
is given as the graph of a function u = f (x), the moving frame computations also apply,
as indicated in this example, to general parametrized curves. Tw o parametrized curves are
equivalent if and only if one can be mapped to the other under a suitable reparametrization.
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and so on, are found by successively applying the implicit di®erentiation oper-
ator

d
dy

=
1

_x cosµ ¡ _u sinµ
d
dt

(3.6)

to v. The classicalEuclidean moving frame for planar curves,[18], follows from
the cross-sectionnormalizations

y = 0; v = 0; vy = 0: (3.7)

Solving for the group parameters g = (µ; a;b) leads to the right-equivariant
moving frame

µ = ¡ tan¡ 1 _u
_x

; a = ¡
x _x + u _u

p
_x2 + _u2

=
z ¢_z
k _z k

; b =
x _u ¡ u _x

p
_x2 + _u2

=
z ^ _z
k _z k

:

(3.8)
The inverse group transformation g¡ 1 = (eµ; ea;eb) is the classical left moving
frame, [11, 18]: one identi¯es the translation component (ea;eb) = (x; u) = z as
the point on the curve, while the columns of the rotation matrix eR(eµ) = (t ; n)
are the unit tangent and unit normal vectors. Substituting the moving frame
normalizations (3.8) into the prolonged transformation formulae (3.5), results
in the fundamental di®erential invariants

vyy 7¡! · =
_xÄu ¡ Äx _u

( _x2 + _u2)3=2
=

_z ^ Äz
k _z k3 ;

vyyy 7¡!
d·
ds

; vyyyy 7¡!
d2·
ds2 + 3· 3;

(3.9)

where d=ds = k _z k¡ 1 d=dt is the arc length derivative | which is itself found
by substituting the moving frame formulae (3.8) into the implicit di®erentiation
operator (3.6). A complete system of di®erential invariants for the planar Eu-
clidean group is provided by the curvature and its successive derivatives with
respect to arc length: ·; · s; · ss ; : : : .

The one caveat is that the ¯rst prolongation of SE(2) is only locally free
on J1 since a 180± rotation has trivial ¯rst prolongation. The even derivatives
of · with respect to s change sign under a 180± rotation, and so only their
absolute valuesare fully invariant. The ambiguit y can be removed by including
the secondorder constraint vyy > 0 in the derivation of the moving frame.
Extending the analysis to the full Euclidean group E(2) adds in a secondsign
ambiguit y which can only be resolved at third order. See [32] for complete
details.

Example 9 Let n 6= 0; 1. In classicalinvariant theory, the planar actions

y =
®x + ¯
° x + ±

; u = (° x + ±)¡ n u; (3.10)

of G = GL(2) play a key role in the equivalenceand symmetry properties of
binary forms, when u = q(x) is a polynomial of degree· n, [19, 30, 1]. We
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identify the graph of the function u = q(x) as a plane curve. The prolonged
action on such graphs is found by implicit di®erentiation:

vy =
¾ux ¡ n° u

¢ ¾n ¡ 1 ; vyy =
¾2uxx ¡ 2(n ¡ 1)° ¾ux + n(n ¡ 1)° 2u

¢ 2¾n ¡ 2 ;

vyyy =
¾3uxxx ¡ 3(n ¡ 2)° ¾2uxx + 3(n ¡ 1)(n ¡ 2)° 2¾ux ¡ n(n ¡ 1)(n ¡ 2)° 3u

¢ 3¾n ¡ 3 ;

and so on, where ¾= ° p + ±, ¢ = ®±¡ ¯ ° 6= 0. On the regular subdomain

V2 = f uH 6= 0g ½ J2; where H = uuxx ¡
n ¡ 1

n
u2

x

is the classicalHessiancovariant of u, we can choosethe cross-sectionde¯ned
by the normalizations

y = 0; v = 1; vy = 0; vyy = 1:

Solving for the group parametersgivesthe right moving frame formulae3

® = u(1 ¡ n )=n
p

H ; ¯ = ¡ x u(1 ¡ n )=n
p

H ;

° = 1
n u(1 ¡ n )=n ux ; ± = u1=n ¡ 1

n x u(1 ¡ n )=n ux :
(3.11)

Substituting the normalizations (3.11) into the higher order transformation rules
givesus the di®erential invariants, the ¯rst two of which are

vyyy 7¡! J =
T

H 3=2
; vyyyy 7¡! K =

V
H 2 ; (3.12)

where

T = u2uxxx ¡ 3
n ¡ 2

n
uux uxx + 2

(n ¡ 1)(n ¡ 2)
n2 u3

x ; V = u3uxxxx ¡

¡ 4
n ¡ 3

n
u2ux uxx + 6

(n ¡ 2)(n ¡ 3)
n2 uux

2uxx ¡ 3
(n ¡ 1)(n ¡ 2)(n ¡ 3)

n3 u4
x ;

and can be identi¯ed with classicalcovariants, which may be constructed using
the basic transvectant processof classical invariant theory, cf. [19, 30]. Using
J 2 = T2=H3 asthe fundamental di®erential invariant will remove the ambiguit y
causedby the square root. As in the Euclidean case,higher order di®erential
invariants are found by successive application of the normalized implicit di®er-
entiation operator D s = uH ¡ 1=2D x to the fundamental invariant J .

4 Equiv alence and Signatures.

The moving frame method was developed by Cartan expresslyfor the solution
to problems of equivalenceand symmetry of submanifoldsunder group actions.

3See[1] for a detailed discussion of how to resolve the square root ambiguities.
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Two submanifolds S; S ½ M are said to be equivalent if S = g ¢S for some
g 2 G. A symmetry of a submanifold is a group transformation that maps
S to itself, and so is an element g 2 GS . As emphasizedby Cartan, [11], the
solution to the equivalenceand symmetry problemsfor submanifoldsis basedon
the functional interrelationships among the fundamental di®erential invariants
restricted to the submanifold.

Suppose we have constructed an n-thorder moving frame ½(n ) : Jn ! G
de¯ned on an open subsetof jet space. A submanifold S is called regular if its
n-jet jn S lies in the domain of de¯nition of the moving frame. For any k ¸ n,
we useJ (k ) = I (k ) j S = I (k ) ± jk S to denote the k-thorder restricted di®erential
invariants. The k-thorder signature S(k ) = S(k ) (S) is the set parametrized by
the restricted di®erential invariants; S is called ful ly regular if J (k ) hasconstant
rank 0 · tk · p = dim S for all k ¸ n. In this case,S(k ) forms a submanifold
of dimension tk | perhapswith self-intersections. In the fully regular case,

tn < tn +1 < tn +2 < ¢¢¢< ts = ts+1 = ¢¢¢= t · p;

where t is the di®erential invariant rank and s the di®erential invariant order
of S.

Theorem 10 Two ful ly regular p-dimensional submanifolds S; S ½ M are
(locally) equivalent, S = g ¢S, if and only if they have the same di®erential
invariant order s and their signature manifolds of order s + 1 are identical:
S(s+1) (S) = S(s+1) (S).

Sincesymmetriesare the sameasself-equivalences,the signaturealsodetermines
the symmetry group of the submanifold.

Theorem 11 If S ½ M is a ful ly regular p-dimensional submanifoldof di®er-
ential invariant rank t, then its symmetry group GS is an (r ¡ t){dimensional
subgroup of G that acts locally freely on S.

A submanifold with maximal di®erential invariant rank t = p, and henceonly
a discrete symmetry group, is called nonsingular. The number of symmetries is
determined by the index of the submanifold, de¯ned as the number of points in
S map to a single genericpoint of its signature:

ind S = min
n

# (J (s+1) )¡ 1f ³ g
¯
¯
¯ ³ 2 S(s+1)

o
:

Theorem 12 If S is a nonsingular submanifold, then its symmetry group is
a discrete subgroup of cardinality # GS = ind S.

At the other extreme, a rank 0 or maximally symmetric submanifold has all
constant di®erential invariants, and soits signaturedegeneratesto a singlepoint.

Theorem 13 A regular p-dimensional submanifold S has di®erential invari-
ant rank 0 if and only if its symmetry group is a p-dimensional subgroup H =
GS ½ G and an H {orbit : S = H ¢z0.
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Remark: \T otally singular" submanifolds may have even larger, non-free sym-
metry groups, but these are not covered by the preceding results. See[31] for
details and precisecharacterization of such submanifolds.

For example, the Euclidean signature for a curve in the Euclidean plane is
the planar curve S(C) = f (·; · s) g parametrized by the curvature invariant ·
and its ¯rst derivative with respect to arc length. Two planar curvesare equiv-
alent under oriented rigid motions if and only if they have the samesignature
curves. The maximally symmetric curves have constant Euclidean curvature,
and so their signature curve degeneratesto a single point. These are the cir-
cles and straight lines, and, in accordancewith Theorem 13, each is the orbit
of its one-parametersymmetry subgroup of SE(2). The number of Euclidean
symmetries of a curve is equal to its index | the number of times the Eu-
clidean signature is retraced as we go around the curve. Thus, the signature
curve method has the potential to be of practical usein the generalproblem of
object recognition and symmetry classi¯cation. It o®erseveral advantagesover
more traditional approaches. First, it is purely local, and therefore immediately
applicable to occludedobjects. Second,it provides a mechanism for recognizing
symmetriesand approximate symmetriesof the object. The designof a suitably
robust \signature metric" for practical comparisonof signatures is the subject
of ongoing research.

Example 14 Let us next considerthe equivalenceand symmetry problemsfor
binary forms. According to the generalmoving frame construction in Example
9, the signature curve S = S(q) of a function (polynomial) u = q(x) is param-
etrized by the covariants J 2 and K , as given in (3.12). The following solution
to the equivalenceproblem for complex-valued binary forms, [1, 27, 30], is an
immediate consequenceof the generalequivalenceTheorem 10.

Theorem 15 Two nondegenerate complex-valued forms q(x) and q(x) are
equivalent if and only if their signature curves are identical: S(q) = S(q).

All equivalencemaps x = ' (x) solve the two rational equations

J (x)2 = J (x)2; K (x) = K (x): (4.1)

In particular, the theory guarantees' is necessarilya linear fractional transfor-
mation!

Theorem 16 A nondegenerate binary form q(x) is maximally symmetric if
and only if it satis¯es the following equivalent conditions:

a) q is complex-equivalent to a monomial xk , with k 6= 0; n.

b) The covariant T 2 is a constant multiple of H 3 6´ 0.

c) The signature is just a single point.

d) q admits a one-parameter symmetry group.
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e) The graph of q coincides with the orbit of a one-parameter subgroup of
GL(2).

A binary form q(x) is nonsingular if and only if it is not complex-equivalent to
a monomial if and only if it has a ¯nite symmetry group.

In her thesis, Kogan, [22], extendstheseresults to forms in several variables. In
particular, a completesignature for ternary forms leadsto a practical algorithm
for computing discrete symmetries of, among other cases,elliptic curves.

5 Join t In varian ts and Join t Di®eren tial In vari-
ants.

Onepractical di±cult y with the di®erential invariant signature is its dependence
upon high order derivatives, which makes it very sensitive to data noise. For
this reason,a new signature paradigm, basedon joint invariants, was proposed
in [32]. We considernow the joint action

g ¢(z0; : : : ; zn ) = (g ¢z0; : : : ; g ¢zn ); g 2 G; z0; : : : ; zn 2 M : (5.1)

of the group G on the (n+ 1)-fold Cartesianproduct M £ (n +1) = M £ ¢¢¢£ M . An
invariant I (z0; : : : ; zn ) of (5.1) is an (n + 1)-point joint invariant of the original
transformation group. In most casesof interest, although not in general, if G
acts e®ectively on M , then, for n À 0 su±ciently large, the product action is
freeand regular on an open subsetof M £ (n +1) . Consequently , the moving frame
method outlined in Section 2 can be applied to such joint actions, and thereby
establish complete classi¯cations of joint invariants and, via prolongation to
Cartesian products of jet spaces,joint di®erential invariants. We will discuss
two particular examples| planar curvesin Euclidean geometry and projective
geometry, referring to [32] for details.

Example 17 Euclidean joint di®erential invariants. Consider the proper
Euclidean group SE(2) acting on oriented curves in the plane M = R 2. We
begin with the Cartesian product action on M £ 2 ' R 4. Taking the simplest
cross-sectionx0 = u0 = x1 = 0; u1 > 0 leadsto the normalization equations

y0 = x0 cosµ ¡ u0 sinµ + a = 0; v0 = x0 sinµ + u0 cosµ + b = 0;

y1 = x1 cosµ ¡ u1 sinµ + a = 0:
(5.2)

Solving, we obtain a right moving frame

µ = tan¡ 1
µ

x1 ¡ x0

u1 ¡ u0

¶
; a = ¡ x0 cosµ + u0 sinµ; b = ¡ x0 sinµ ¡ u0 cosµ;

(5.3)
along with the fundamental interpoint distance invariant

v1 = x1 sinµ + u1 cosµ + b 7¡! I = k z1 ¡ z0 k: (5.4)
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Substituting (5.3) into the prolongation formulae (3.5) leadsto the the normal-
ized ¯rst and secondorder joint di®erential invariants

dvk

dy
7¡! Jk = ¡

(z1 ¡ z0) ¢_zk

(z1 ¡ z0) ^ _zk
;

d2vk

dy2 7¡! K k = ¡
k z1 ¡ z0 k3 ( _zk ^ Äzk )

£
(z1 ¡ z0) ^ _z0

¤3 ;
(5.5)

for k = 0; 1. Note that

J0 = ¡ cot Á0; J1 = + cot Á1; (5.6)

where Ák = <) (z1 ¡ z0; _zk ) denotes the angle between the chord connecting
z0; z1 and the tangent vector at zk . The modi¯ed secondorder joint di®erential
invariant

bK 0 = ¡k z1 ¡ z0 k¡ 3 K 0 =
_z0 ^ Äz0£

(z1 ¡ z0) ^ _z0

¤3 (5.7)

equals the ratio of the area of triangle whose sides are the ¯rst and second
derivative vectors _z0, Äz0 at the point z0 over the cube of the area of triangle
whosesidesare the chord from z0 to z1 and the tangent vector at z0.

On the other hand, we can construct the joint di®erential invariants by
invariant di®erentiation of the basic distance invariant (5.4). The normalized
invariant di®erential operators are

D yk
7¡! Dk = ¡

k z1 ¡ z0 k
(z1 ¡ z0) ^ _zk

D t k
: (5.8)

Prop osition 18 Every two-point Euclidean joint di®erential invariant is a
function of the interpoint distance I = k z1 ¡ z0 k and its invariant derivatives
with respect to (5.8).

A generic product curve C = C0 £ C1 ½ M £ 2 has joint di®erential invariant
rank 2 = dim C, and its joint signature S(2) (C) will be a two-dimensional
submanifold parametrized by the joint di®erential invariants I ; J0; J1; K 0; K 1 of
order · 2. There will exist a (local) syzygy ©(I ; J0; J1) = 0 among the three
¯rst order joint di®erential invariants.

Theorem 19 A curve C or, more generally, a pair of curves C0; C1 ½ R 2,
is uniquely determined up to a Euclidean transformation by its reduced joint
signature, which is parametrized by the ¯rst order joint di®erential invariants
I ; J0; J1. The curve(s) have a one-dimensional symmetry group if and only
if their signature is a one-dimensional curve if and only if they are orbits of
a common one-parameter subgroup (i.e., concentric circles or parallel straight
lines); otherwise the signature is a two-dimensional surface, and the curve(s)
haveonly discrete symmetries.
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For n > 2 points, we can usethe two-point moving frame (5.3) to construct the
additional joint invariants

yk 7¡! H k = k zk ¡ z0 k cosÃk ; vk 7¡! I k = k zk ¡ z0 k sinÃk ;

whereÃk = <) (zk ¡ z0; z1 ¡ z0). Therefore, a completesystemof joint invariants
for SE(2) consistsof the anglesÃk , k ¸ 2, and distancesk zk ¡ z0 k, k ¸ 1. The
other interpoint distances can all be recovered from these angles; vice versa,
given the distances,and the signof oneangle,onecanrecover all other angles. In
this manner,weestablisha \First Main Theorem" for joint Euclideandi®erential
invariants.

Theorem 20 If n ¸ 2, then every n-point joint E(2) di®erential invariant is
a function of the interpoint distances k zi ¡ zj k and their invariant derivatives
with respect to (5.8). For the proper Euclidean group SE(2), one must also
include the sign of one of the angles,say Ã2 = <) (z2 ¡ z0; z1 ¡ z0).

Generic three-pointed Euclidean curvesstill require ¯rst order signature invari-
ants. To createa Euclidean signature basedentirely on joint invariants, we take
four points z0; z1; z2; z3 on our curve C ½ R 2. There are six di®erent interpoint
distance invariants

a = k z1 ¡ z0 k; b = k z2 ¡ z0 k; c = k z3 ¡ z0 k;

d = k z2 ¡ z1 k; e = k z3 ¡ z1 k; f = k z3 ¡ z2 k;
(5.9)

which parametrize the joint signature bS = bS(C) that uniquely characterizesthe
curve C up to Euclidean motion. This signature has the advantage of requiring
no di®erentiation, and so is not sensitive to noisy image data. There are two
local syzygies

©1(a;b;c;d;e;f ) = 0; ©2(a;b;c;d;e;f ) = 0; (5.10)

among the the six interpoint distances. One of these is the universal Cayley{
Menger syzygy

det

¯
¯
¯
¯
¯
¯
¯

2a2 a2 + b2 ¡ d2 a2 + c2 ¡ e2

a2 + b2 ¡ d2 2b2 b2 + c2 ¡ f 2

a2 + c2 ¡ e2 b2 + c2 ¡ f 2 2c2

¯
¯
¯
¯
¯
¯
¯

= 0; (5.11)

which is valid for all possiblecon¯gurations of the four points, and is a conse-
quenceof their coplanarity, cf. [2, 25]. The secondsyzygy in (5.10) is curve-
dependent and serves to e®ectively characterize the joint invariant signature.
Euclidean symmetries of the curve, both continuous and discrete, are charac-
terized by this joint signature. For example, the number of discrete symmetries
equals the signature index | the number of points in the original curve that
map to a single, genericpoint in S.

A wide variety of additional cases,including curvesand surfacesin two and
three-dimensional spaceunder the Euclidean, equi-a±ne, a±ne and projective
groups, are investigated in detail in [32].

12



References

[1] Berchenko, I.A., and Olver, P.J., Symmetries of polynomials, J. Symb. Comp. 29
(2000), 485{514.

[2] Blumenthal, L.M., Theory and Applications of Distance Geometry, Oxford Univ.
Press, Oxford, 1953.

[3] Boutin, M., Numerically invariant signature curves, Int. J. Computer Vision 40
(2000), 235{248.

[4] Bruckstein, A.M., Holt, R.J., Netravali, A.N., and Richardson, T.J., Invariant
signatures for planar shape recognition under partial occlusion, CVGIP: Image
Understanding 58 (1993), 49{65.

[5] Bruckstein, A.M., and Netravali, A.N., On di®erential invariants of planar curves
and recognizing partially occluded planar shapes, Ann. Math. Arti¯cial Intel. 13
(1995), 227{250.

[6] Bruckstein, A.M., Rivlin, E., and Weiss, I., Scale space semi-local invariants,
Image Vision Comp. 15 (1997), 335{344.

[7] Bruckstein, A.M., and Shaked, D., Skew-symmetry detection via invariant signa-
tures, Pattern Recognition 31 (1998), 181{192.

[8] Carlsson, S., Mohr, R., Moons, T., Morin, L., Rothwell, C., Van Diest, M., Van
Gool, L., Veillon, F., and Zisserman, A., Semi-local projectiv e invariants for the
recognition of smooth plane curves, Int. J. Comput. Vision 19 (1996), 211{236.

[9] Calabi, E., Olver, P.J., and Tannenbaum, A., A±ne geometry, curve °ows, and
invariant numerical approximations, Adv. in Math. 124 (1996), 154{196.

[10] Calabi, E., Olver, P.J., Shakiban, C., Tannenbaum, A., and Haker, S., Di®erential
and numerically invariant signature curves applied to object recognition, Int. J.
Computer Vision 26 (1998), 107{135.

[11] Cartan, ¶E., La M¶ethode du Repµere Mobile, la Th¶eorie des Groupes Continus, et
les Espaces G¶en¶eralis¶es, Expos¶es de G¶eom¶etrie No. 5, Hermann, Paris, 1935.

[12] Cartan, ¶E., La Th¶eorie des Groupes Finis et Continus et la G¶eom¶etrie
Di®¶erentiel le Trait¶ees par la M¶ethode du Repµere Mobile, Cahiers Scienti¯ques,
Vol. 18, Gauthier{Villars, Paris, 1937.

[13] Dhooghe, P.F., Multilo cal invariants, in: Geometry and Topology of Subman-
ifolds, VIII , F. Dillen, B. Komrak ov, U. Simon, I. Van de Woestyne, and L.
Verstraelen, eds., World Sci. Publishing, Singapore, 1996, pp. 121{137.

[14] Faugeras,O., Cartan's moving frame method and its application to the geometry
and evolution of curves in the euclidean, a±ne and projectiv e planes, in: Appli-
cations of Invarianc e in Computer Vision , J.L. Mundy, A. Zisserman, D. Forsyth
(eds.), Springer{V erlag Lecture Notes in Computer Science,Vol. 825, 1994, pp.
11{46.

13



[15] Fels, M., and Olver, P.J., Moving coframes. I. A practical algorithm, Acta Appl.
Math. 51 (1998), 161{213.

[16] Fels, M., and Olver, P.J., Moving coframes. I I. Regularization and theoretical
foundations, Acta Appl. Math. 55 (1999), 127{208.

[17] Gri±ths, P.A., On Cartan's method of Lie groups and moving frames as applied
to uniquenessand existencequestions in di®erential geometry, Duke Math. J. 41
(1974), 775{814.

[18] Guggenheimer, H.W., Di®erential Geometry, McGraw{Hill, New York, 1963.

[19] Hilb ert, D., Theory of Algebraic Invariants , Cambridge Univ. Press, New York,
1993.

[20] Jensen,G.R., Higher order contact of submanifolds of homogeneous spaces, Lec-
ture Notes in Math., No. 610, Springer{V erlag, New York, 1977.

[21] Killing, W., Erweiterung der Begri®esder Invarianten von Transformationgrup-
pen, Math. Ann. 35 (1890), 423{432.

[22] Kogan, I.A., Inductive approach to moving frames and applications in classical
invariant theory, Ph.D. Thesis, Univ ersity of Minnesota, 2000.

[23] Kogan, I.A., and Olver, P.J., The invariant variational bicomplex, in preparation.

[24] Mar¶³{Be®a, G., and Olver, P.J., Di®erential invariants for parametrized projec-
tiv e surfaces,Commun. Anal. Geom. 7 (1999), 807{839.

[25] Menger, K., Untersuchungen Äuber allgemeine Metrik, Math. Ann. 100 (1928),
75{163.

[26] Moons, T., Pauwels, E., Van Gool, L., and Oosterlinck, A., Foundations of semi-
di®erential invariants, Int. J. Comput. Vision 14 (1995), 25{48.

[27] Olver, P.J., Classical invariant theory and the equivalence problem for particle
Lagrangians. I. Binary Forms, Adv. in Math. 80 (1990), 39{77.

[28] Olver, P.J., Applications of Lie Groups to Di®erential Equations, SecondEdition,
Graduate Texts in Mathematics, vol. 107, Springer{V erlag, New York, 1993.

[29] Olver, P.J., Equivalence, Invariants, and Symmetry, Cambridge Univ ersity Press,
Cambridge, 1995.

[30] Olver, P.J., Classical Invariant Theory, London Math. Soc. Student Texts, vol.
44, Cambridge Univ ersity Press, Cambridge, 1999.

[31] Olver, P.J., Moving frames and singularities of prolonged group actions, Selecta
Math. 6 (2000), 41{77.

[32] Olver, P.J., Joint invariant signatures, Found. Comput. Math. 1 (2001), 3{67.

[33] Olver, P.J., Geometric foundations of numerical algorithms and symmetry, Appl.
Alg. Engin. Commun. Comput. 11 (2001), 417{436.

14



[34] Olver, P.J., and Pohjanpelto, J., Moving frames for pseudo{groups. I. The
Maurer{Cartan forms, preprin t, Univ ersity of Minnesota, 2002.

[35] Olver, P.J., and Pohjanpelto, J., Moving framesfor pseudo{groups. I I. Di®erential
invariants for submanifolds, preprin t, Univ ersity of Minnesota, 2002.

[36] Pauwels, E., Moons, T., Van Gool, L.J., Kempenaers, P., and Oosterlinck, A.,
Recognition of planar shapes under a±ne distortion, Int. J. Comput. Vision 14
(1995), 49{65.

[37] Van Gool, L., Brill, M.H., Barrett, E.B., Moons, T., and Pauwels, E., Semi-
di®erential invariants for nonplanar curves, in: Geometric Invarianc e in Com-
puter Vision , J.L. Mundy and A. Zisserman, eds., The MIT Press, Cambridge,
Mass., 1992, pp. 293{309.

[38] Van Gool, L., Moons, T., Pauwels, E., and Oosterlinck, A., Semi-di®erential
invariants, in: Geometric Invarianc e in Computer Vision , J.L. Mundy and A.
Zisserman, eds., The MIT Press, Cambridge, Mass., 1992, pp. 157{192.

[39] Weyl, H., Classical Groups, Princeton Univ. Press, Princeton, N.J., 1946.

15


