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Abstract

This paper surveys the new, algorithmic theory of moving frames.
Applications in geometry, computer vision, classicalinvariant theory, and
numerical analysis are indicated.

1 Intro duction.

The method of moving frames (\rep pres mobiles") was forged by flie Cartan,
[11, 12], into a powerful and algorithmic tool for studying the geometric prop-
erties of submanifoldsand their invariants under the action of a transformation
group. Howewer, Cartan's methods remained incompletely understood and the
applications were exclusively concerrated in classicaldi®erenial geometry; see
[17, 18, 20]. In the late 1990's, [15, 16], Mark Fels and | formulated a new
approadc to the moving frame theory that can be systematically applied to gen-
eral transformation groups. The key idea is to formulate a moving frame as
an equivariant map to the transformation group. All classicalmoving frames
can be reinterpreted in this manner, but the new approad appliesin far wider
generality. Cartan's construction of the moving frame through the normaliza-
tion processis interpreted with the choice of a cross-sectionto the group orbits.
Building on thesetwo simple ideas, one may algorithmically construct moving
framesand complete systemsof invariants for completely generalgroup actions.
The existenceof a moving frame requiresfreenesof the underlying group action.
Classically, non-free actions are made free by prolonging to jet space,leading
to di®erertial invariants and the solution to equivalenceand symmetry prob-
lems via the di®ererial invariant signature. More recertly, the moving frame
method was alsoapplied to Cartesian product \prolongations" of group actions,
leading to classi cation of joint invariants and joint di®ererial invariants, [32).
The combination of jet and Cartesian product actions known as multi-space



was proposedin [33] as a framework for the geometric analysis of numerical
approximations, and, via the application of the moving frame method, to the
systematic construction of invariant numerical algorithms.

New and signi cant applications of these results have been deweloped in a
wide variety of directions. In [30, 1, 22], the theory was applied to produce
new algorithms for solving the basic symmetry and equivalence problems of
polynomials that form the foundation of classicalinvariant theory. In [24], the
di®erertial invariants of projective surfaceswere classi ed and applied to gener-
ate integrable Poisson°ows arising in soliton theory. In [15], the moving frame
algorithm was extended to include in nite-dimensional pseudo-groupactions.
Faugeras,[14], initiated the applications of moving framesin computer vision,
and In [10], the characterization of submanifoldsvia their di®erenial invariant
signatureswas applied to the problem of object recognition and symmetry de-
tection, [4, 5, 7, 36]. The moving frame method provides a direct route to the
classi cation of joint invariants and joint di®ererial invariants, [16, 32], estab-
lishing a geometric courterpart of what Weyl, [39], in the algebraic framework,
calls the "rst main theorem for the transformation group. In computer vision,
joint di®ererial invariants have been proposed as noise-resistan alternativ es
to the standard di®erertial invariant signatures, [6, 8, 13, 26, 37, 38]. The ap-
proximation of higher order di®erertial invariants by joint di®ererial invariants
and, generally, ordinary joint invariants leadsto fully invariant "nite di®erence
numerical schemes, rst proposedin [9, 10, 3, 33]. A complete solution to
the calculus of variations problem of directly constructing di®erertial invariant
Euler-Lagrange equations from their di®erertial invariant Lagrangiansin the
has beenrecenly e®ected[23]. Finally, the theory hasrecertly beenextended
to the vastly more complicated caseof in nite-dimensional Lie pseudo-groups
in recert work with Pohjanpelto, [34, 35].

2 Moving Frames.

We begin by outlining the basic moving frame construction in [16]. Let G be
an r-dimensional Lie group acting smoothly on an m-dimensional manifold M .
Let Gg = f-lg 2 Gjg ¢S = Sg denote the isotropy sulgroup of a subsetS 2 M,
and Gg = ,,5G, its gloal isotropy sulgroup, which consists of those group
elemeris which "x all points in S. We always assume,without any signi cant
loss of generality, that G acts e®etively on subsets and so GS = feg for any
open U %2 M, i.e., there are no group elemerns other than the identity which
act completely trivially on an open subsetof M .

The crucial idea is to decouplethe moving frame theory from reliance on
any form of frame bundle. In other words,

Moving frames 6 Frames!

A careful study of Cartan's analysisof the caseof projective curves,[11], reveals
that Cartan waswell aware of this fact. Howewer, this important and instructiv e
exampledid not receiwe the attention it desenes.



De nition 1 A moving frameis a smooth, G-equivariant map ¥z M ! G.

The group G acts on itself by left or right multiplication. If £z) is any right-
equivariant moving frame then #z) = ¥%z)i ! is left-equivariant and corversely
All classicalmoving frames are left equivariant, but, in many cases,the right
versionsare easierto compute. In many geometricalsituations, one can identify
our left moving frameswith the usual frame-basedversions,but theseidenti -
cations break down for more generaltransformation groups.

Theorem 2 A moving frameexistsin a neighlorhood of a point z 2 M if and
only if G acts freely and regularly near z.

Recall that G acts freely if the isotropy subgroup of eat point is trivial,
G, = fegforall z2 M. This impliesthat the orbits all have the samedimension
as G itself. Regularity requires that, in addition, ead point x 2 M has a
system of arbitrarily small neighborhoods whoseintersection with ead orbit is
connected,cf. [2§].

The practical construction of a moving frame is basedon Cartan's method
of normalization, [21, 11], which requiresthe choice of a (local) cross-setion to
the group orbits.

Theorem 3 Let G act freely and regularly on M, and let K ¥2M be a cross-
section. Given z2 M, let g = “4z) be the unique group elementthat maps z to
the cross-setion: gtz = £z) ¢z 2 K. Then*: M | G is aright moving frame
for the group action.

formulae for the group transformations. The right® moving frame g = %42)
assaiated with a coordinate cross-setion K = f z; = ¢;:::1;z, = ¢ . gis
obtained by solving the normalization equations

wi(gz)=c¢; it W (g2) = ¢ (2.1)
for the group parametersg = (g;;:::;9,) in terms of the coordinates z =
formation rules leadsto a complete system of invariants for the group action.

Theorem 4 If g = “£z) is the moving frame solution to the normalization
equations (2.1), then the functions

11(2) = W, (42);2); L Imi 1 (2) = Wy, (4£2);2); (2.2)
form a complete systemof functionally independent invariants.
De nition 5 The invariantization of a scalar function F: M ! R with re-

spect to a right moving frame “is the the invariant function | = {(F) de ned
by 1(z) = F(*4A2) ¢2).

1The left version can be obtained directly by replacing g by gi ! throughout the construc-
tion.




Invariantization amourts to restricting F to the cross-section] jK = F jK, and
then requiring that | be constart along the orbits. In particular, if 1(z) is an
invariant, then (1) = |, soinvariantization de nes a projection, depending on
the moving frame, from functions to invariants. Thus, a moving frame provides
a canonical method of assaiating an invariant with an arbitrary function.

Of course, most interesting group actions are not free, and therefore do
not admit moving framesin the senseof De nition 1. There are two common
methods for converting a non-free (but e®ective) action into a free action. In the
traditional moving frame theory, [11, 18, 20], this is accomplishedby prolonging
the action to a jet spaceJ" of suitably high order; the consequetial invariants
are the classicaldi®erertial invariants for the group, [16, 28]. Alternativ ely, one
may considerthe product action of G on a suzciently large Cartesian product
M £(+1) - here, the invariants are joint invariants, [32], of particular interest in
classicalalgebra,[30, 39]. In neither caseis there a generaltheoremguararteeing
the freenessand regularity of the prolonged or product actions, (indeed, there
are counterexamplesin the product case),but sud pathologiesnever occur in
practical examples.In our approach to invariant numerical approximations, we
will amalgamatethe two methods by prolonging to an appropriate multi-space,
as de ned below.

3 Prolongation and Di®erential Invariants.

Traditional moving frames are obtained by prolonging the group action to the
n-thorder (extended) jet bundle J" = J"(M;p) consisting of equivalenceclasses
of p-dimensional submanifolds S %> M modulo n-thorder cortact at a single
point; see[28, Chapter 3] for details. Since G presenesthe contact equiva-
lencerelation, it inducesan action on the jet spaceJ", known asits n-thorder
prolongation and denoted by G(™ .

An n-thorder moving frame %" : J" | G is an equivariant map de ned on
an open subset of the jet space. In practical examples,for n suxciently large,
the prolonged action G(™ becomesregular and free on a dense open subset
V" % J" the set of regular jets. It has beenrigorously proved that, for n A 0
suxciently large, if G acts e®ectively on subsets,then G acts locally freely
on an open subsetV" ¥ J", [31].

Theorem 6 An n-thorder moving frame exists in a neighlorhood of a point
z(M 2 J" if and only if z(" 2 V" is a regular jet.

Our normalization construction will produce a moving frame and a complete
systemof di®ererial invariants in the neighborhood of any regular jet. Local co-
ordinatesz = (x;u) onM | consideringthe rst pcomponerts x = (x*;:::;xP)

as dependert variables| induce local coordinates z(™ = (x; u(™) on J" with
componerts u$ represeting the partial derivatives of the dependert variables
with respect to the independen variables, [28, 29]. We compute the prolonged



transformation formulae
wM(g;zM) = g™ ez™M;  or  (y;v™) = g™ ¢(x; u™M);

by implicit di®erertiation of the v's with respect to the y's. For simplicity, we
restrict to a coordinate cross-sectiorby choosingr = dim G componerts of w(™
to normalize to constarts:

w,(g;2M) = ¢;; row(gzZM)y=¢: (3.1)

Solving the normalization equations(3.1) for the group transformations leadsto
the explicit formulae g = %" (z(™) for the right moving frame. As in Theorem
4, substituting the moving frame formulae into the unnormalized componerts
of w(" leadsto the fundamental n-thorder di®erential invariants

I (n)(z(n)) = W(n)(%n)(z(n));z(n)) = %n)(z(n)) ¢z(M - (3.2)

Once the moving frame is established, the invariantization processwill map
general di®ererial functions F (x; u(™) to di®ererial invariants | = (F) =
F 1 (M, As before, invariantization denes a projection, depending on the
moving frame, from the spaceof di®erenial functions to the spaceof di®er-
ertial invariants. The fundamertal di®erenial invariants | (") are obtained by
invariantization of the coordinate functions

HI (¢ u™) = (x') = y' (4" (6 u™); 5 u); 3.3)

12 (6 u®) = u?) = v (A (x; uM)y; x; u®): '
In particular, thosecorresponding to the normalization componerts (3.1) of w(™
will be constart, and are known as the phantom di®erential invariants.

Theorem 7 Let%™:J" 1 G be a moving frame of order - n. Every n-
thorder di®erential invariant can be locally written as a function J = ©(1 (M)
of the fundamental n-thorder di®erential invariants (3.3). The function © is
unique provided it does not depend on the phantom invariants.

Example 8 Let usillustrate the theory with avery simple, well-known exam-
ple: curvesin the Euclidean plane. The orientation-preserving Euclidean group
SE(2) actson M = R?, mapping a point z = (x; u) to

Yy = XCOS|j usinpg+ a; V= XSing+ ucosu+ b: (3.4)

For a generalparametrized? curve z(t) = (x(t);u(t)), the prolongedgroup trans-
formations

dv _ XSinp+ ucosp d?v xéj Au

y:—:—.; Vyy:_2: - 3; (3.5)
dy xcospj usinp dy?  (xcospi usinp)

2While the local coordinates (x; Uu;Ux;Uxx ;:::) on the jet space assume that the curve

is given as the graph of a function u = f(x), the moving frame computations also apply,

as indicated in this example, to general parametrized curves. Two parametrized curves are
equivalent if and only if one can be mapped to the other under a suitable reparametrization.




and soon, are found by successiely applying the implicit di®ereriation oper-

ator q 1 q
dy - X COSplj usinp dt (3.6)

to v. The classicalEuclidean moving frame for planar curves,[18], follows from
the cross-sectionnormalizations

y=0; v=0; v, = 0O: (37)

Solving for the group parametersg = (K a;b) leads to the right-equivariant
moving frame

tani 1 L a=i p=t uu_ = 2% b= rZ(LL UX— _zhz,
~ 38)

The inverse group transformation g * = (& &;8) is the classical left moving
frame, [11, 18]: oneidenti es the translation componert (&;8) = (x;u) = z as
the point on the curve, while the columns of the rotation matrix R(f) = (t;n)
are the unit tangent and unit normal vectors. Substituting the moving frame
normalizations (3.8) into the prolonged transformation formulae (3.5), results
in the fundamenal di®ererial invariants

xdi Ay _ z" A

7 = =
d- | o 3, '
Vyyy ds’ Vyyyy 71 ds? +3

where d=ds = kzki ! d=dt is the arc length derivative | which is itself found
by substituting the moving frame formulae (3.8) into the implicit di®ereriation
operator (3.6). A complete system of di®erertial invariants for the planar Eu-
clidean group is prowded by the curvature and its successie derivatives with
respect to arc length: -; - ;- ;iit.

The one caveat is that the rst prolongation of SE(2) is only locally free
on J! sincea 180" rotation hastrivial Tst prolongation. The even derivatives
of - with respect to s change sign under a 180° rotation, and so only their
absolute valuesare fully invariant. The ambiguity can be removed by including
the secondorder constraint v,, > 0 in the derivation of the moving frame.
Extending the analysisto the full Euclidean group E(2) addsin a secondsign
ambiguity which can only be resolved at third order. See[32] for complete
details.

Example 9 Let n 6 0;1. In classicalinvariant theory, the planar actions

_ @B+
T ext

u= (°x+ ¥)i "u; (3.10)

of G = GL(2) play a key role in the equivalenceand symmetry properties of
binary forms, when u = g(x) is a polynomial of degree- n, [19, 30, 1]. We



identify the graph of the function u = q(x) as a plane curve. The prolonged
action on such graphsis found by implicit di®ereriiation:

_Ju i n°u. _ Yu, i 2(ni 1°%u, +n(nj 1)°%u

AV TR vy © ¢ 2341 2 '
_ Yuy, i 3N 2°Fu, +3(ni (ni 2)°2%w, i n(ni )(ni 2)°%u
Vyyy = ¢ 33pi 3 '

and soon, where%= °p+ 1, ¢ = ®j ° 6 0. On the regular subdomain

. ni 1,
xx | nux

V2 = fuH 6 0g % J?; where  H = uu

is the classicalHessiancovariant of u, we can choosethe cross-sectionde ned
by the normalizations

y=0; v=1 v, =0 vy, = 1t

Solving for the group parametersgivesthe right moving frame formulae®
®= uli ”):”pﬁ; = xuti n):”pH;

=0l Lxg@imEy

o i n)= (3.11)

= % u(ll n)=n ux;
Substituting the normalizations (3.11) into the higher order transformation rules
givesus the di®erertial invariants, the rst two of which are

Yy I3 Wy T K= G @12)
where
T = WU, i 3nin ZquuXX 4 p(Ni Vi 2) 1r)](2ni 2) us; V= Wy, i
i 4%3 u2u U, + 6(ni 2;(2n i 3) wu 2u, | 3(n i 1)(nr232)(n i 3) o

and can be identi ed with classicalcovariants, which may be constructed using
the basic transvectart processof classicalinvariant theory, cf. [19, 30]. Using
J? = T?=H? asthe fundamertal di®erertial invariant will remove the ambiguity
causedby the squareroot. As in the Euclidean case,higher order di®ereriial
invariants are found by successie application of the normalized implicit di®er-
ertiation operator D¢ = uH! 2D, to the fundamertal invariant J.

4  Equiv alence and Signatures.

The moving frame method was dewveloped by Cartan expresslyfor the solution
to problems of equivalenceand symmetry of submanifolds under group actions.

3See[1] for a detailed discussion of how to resolve the square root ambiguities.



Two submanifolds S;S ¥ M are said to be equivalent if S = g ¢S for some
g 2 G. A symmetry of a submanifold is a group transformation that maps
S to itself, and sois an elemern g 2 Gg. As emphasizedby Cartan, [11], the
solution to the equivalenceand symmetry problemsfor submanifoldsis basedon
the functional interrelationships amongthe fundamenal di®erertial invariants
restricted to the submanifold.

Suppose we have constructed an n-thorder moving frame A" :J" I G
de ned on an open subsetof jet space. A submanifold S is called regular if its
n-jet j,S lies in the domain of de nition of the moving frame. For any k , n,
we useJ® = 1 js =K +j S to denote the k-thorder restricted di®erential
invariants. The k-thorder signature S&) = S(K)(S) is the set parametrized by
the restricted di®ererial invariants; S is called fully regular if J(K) has constart
rank 0- t, - p= dimS for all k, n. In this case,S* forms a submanifold
of dimensiont, | perhapswith self-intersections. In the fully regular case,

t, <ty <thp < @<t =t ,, = ¢C=1t- p;

wheret is the di®erential invariant rank and s the di®erential invariant order
of S.

Theorem 10 Two fully regular p-dimensional submanifolds S;S % M are
(locally) equivalent, S = g ¢S, if and only if they have the same di®erential
invariant order s and their signature manifolds of order s + 1 are identical:
S(s+l) (§) = g(s+) (S)

Sincesymmetriesare the sameasself-equivalencesthe signature alsodetermines
the symmetry group of the submanifold.

Theorem 11 |If S% M is afully regular p-dimensional submanifold of di®er-
ential invariant rank t, then its symmetry group Gg is an (r j t){dimensional
sulgroup of G that acts locally freely on S.

A submanifold with maximal di®erernial invariant rank t = p, and henceonly
a discrete symmetry group, is called nonsingular. The number of symmetriesis
determined by the index of the submanifold, de ned asthe number of points in
S map to a single genericpoint of its signature:
n - )
indS=min # (JC™)if3g—3 2 g6+
Theorem 12 If S is a nonsingular submanifold, then its symmetry group is
a discrete sulgroup of cardinality # Gg = ind S.

At the other extreme, a rank 0 or maximally symmetric submanifold has all
constart di®erertial invariants, and soits signature degeneratego a singlepoint.

Theorem 13 A regular p-dimensional submanifold S has di®erential invari-
ant rank 0 if and only if its symmetry group is a p-dimensional sulgroup H =
Gg % G and an H{orbit : S= H ¢z,.



Remark: \T otally singular" submanifolds may have even larger, non-free sym-
metry groups, but these are not covered by the precedingresults. See[31] for
details and precisecharacterization of such submanifolds.

For example, the Euclidean signature for a curve in the Euclidean plane is
the planar curve S(C) = f (-; - ;) g parametrized by the curvature invariant -
and its “rst derivative with respect to arc length. Two planar curvesare equiv-
alent under oriented rigid motions if and only if they have the samesignature
curves. The maximally symmetric curves have constart Euclidean curvature,
and so their signature curve degeneratesto a single point. These are the cir-
clesand straight lines, and, in accordancewith Theorem 13, ead is the orbit
of its one-parametersymmetry subgroup of SE(2). The number of Euclidean
symmetries of a curve is equal to its index | the number of times the Eu-
clidean signature is retraced as we go around the curve. Thus, the signature
curve method hasthe potential to be of practical usein the generalproblem of
object recognition and symmetry classi cation. It o®erseweral advantagesover
more traditional approaces. First, it is purely local, and thereforeimmediately
applicable to occluded objects. Second,it provides a mecdanism for recognizing
symmetriesand approximate symmetriesof the object. The designof a suitably
robust \signature metric" for practical comparison of signaturesis the subject
of ongoing researd.

Example 14 Let usnext considerthe equivalenceand symmetry problemsfor
binary forms. According to the generalmoving frame construction in Example
9, the signature curve S = S(q) of a function (polynomial) u = q(x) is param-
etrized by the covariants J? and K , as given in (3.12). The following solution
to the equivalence problem for complex-valued binary forms, [1, 27, 3(], is an
immediate consequencef the generalequivalenceTheorem 10.

Theorem 15 Two nondegeneate complex-valugl forms g(x) and g(x) are
equivalent if and only if their signature curvesare identical: S(g) = S(0).

All equivalencemapsx = ' (x) solve the two rational equations
J(x)% = J(X)? K (x) = K(X): 4.1)

In particular, the theory guarantees' is necessarilya linear fractional transfor-
mation!

Theorem 16 A nondeggeneate binary form q(x) is maximally symmetric if
and only if it satis es the following equivalent conditions:

a) qis complex-guivalent to a monomial x¥, with k 6 O;n.

b) The covariant T2 is a constant multiple of H2 6" 0.

¢) The signature is just a single point.

d) g admits a one-parameter symmetry group.



€) The graph of g coincides with the orbit of a one-parameter sulgroup of
GL(2).

A binary form q(x) is nonsingular if and only if it is not complex-euivalent to
a monomial if and only if it hasa "nite symmetry group.

In her thesis, Kogan, [22], extendstheseresults to forms in seweral variables. In
particular, a complete signature for ternary forms leadsto a practical algorithm
for computing discrete symmetries of, among other cases.elliptic curves.

5 Joint Invariants and Joint Di®eren tial Invari-
ants.

One practical ditcult y with the di®erertial invariant signatureis its dependence
upon high order derivatives, which makesit very sensitive to data noise. For
this reason,a new signature paradigm, basedon joint invariants, was proposed
in [32]. We considernow the joint action

0¢(zy;::052,) = (96zp;:::59¢z,); 92 G; zy::1,z, 2 M (5.1)

invariant | (zy;:::;z,) of (5.1) is an (n + 1)-point joint invariant of the original
transformation group. In most casesof interest, although not in general, if G
acts e®ectively on M, then, for n A 0 suzciently large, the product action is
free and regular on an open subsetof M £ ("*1)  Consequetly, the moving frame
method outlined in Section 2 can be applied to suc joint actions, and thereby
establish complete classi cations of joint invariants and, via prolongation to
Cartesian products of jet spaces,joint di®erertial invariants. We will discuss
two particular examples| planar curvesin Euclidean geometry and projective
geometry, referring to [32] for details.

Example 17 Euclidean joint di®erential invariants. Consider the proper
Euclidean group SE(2) acting on oriented curvesin the plane M = R2. We
begin with the Cartesian product action on M£2 ' R4, Taking the simplest
cross-sectionxy = uy = X; = 0;u; > 0 leadsto the normalization equations

Yo = XpCOSHj Ugsinp+ a= 0; Vo = XgSinp+ ugcosp+ b= 0; (5.2)
Y, = X4 COSHj u;sinp+ a= 0 '
Solving, we obtain a right moving frame
R
- i1 Xpi Xo . _ . - _ . f .
p= tan! IR a= j XgCOSp+ UgySing; b= i Xy Sinpi ugcosg;
11 0
(5.3)
along with the fundamertal interpoint distance invariant
vV, = Xy Sinpu+ uycosp+ b 7| | =kz;i 7k (5.4)

10



Substituting (5.3) into the prolongation formulae (3.5) leadsto the the normal-
ized rst and secondorder joint di®ereriial invariants

dv _ . (Zyi zp) ez
— N =i
dy (z1i zo) ™ % .
d?v, kzyi 7,k (" &) (5-5)
a2 ] K =i £ = I
Y (Zi 20)" 2
for k = 0; 1. Note that
Jo=i cothAy;  J; = +cotA; (5.6)

where A, = 9(z, i z,;z,) denotesthe angle between the chord connecting
Z,; 2, and the tangert vector at z,. The modi ed secondorder joint di®ererial
invariant

b = . i3k — 2" B
0= ik zyi k! "Ko= £ 3 (5.7)
(z1i 20)" 2o

equals the ratio of the area of triangle whose sides are the rst and second
derivative vectors z,, &, at the point z, over the cuke of the area of triangle
whosesidesare the chord from z, to z, and the tangert vector at z,.

On the other hand, we can construct the joint di®erenial invariants by
invariant di®erertiation of the basic distance invariant (5.4). The normalized
invariant di®ererial operators are

kz,i z5k

D 7 Dp=j ————
I s I(Zlizo)AZ_k

Vi Dy, : (5.8)
Prop osition 18 Every two-point Euclidean joint di®erential invariant is a
function of the interpoint distance | = kz; i zyk and its invariant derivatives
with respect to (5.8).

A generic product curve C = C, £ C; % M£2 hasjoint di®erenial invariant
rank 2 = dimC, and its joint signature S@ (C) will be a two-dimensional
submanifold parametrized by the joint di®ereriial invariants | ;Jy;J,; Ky, K, of
order - 2. There will exist a (local) syzygy ©(l ;J,;J,) = 0 among the three
“rst order joint di®erertial invariants.

Theorem 19 A curve C or, more geneally, a pair of curvesC,;C; % R?,
is uniquely determined up to a Euclidean transformation by its reduced joint
signature, which is parametrized by the “rst order joint di®erential invariants
I;J0;:J3;. The curve(s) have a one-dimensional symmetry group if and only
if their signature is a one-dimensional curve if and only if they are orbits of
a common one-parameter sulgroup (i.e., concentric circles or parallel straight
lines); otherwise the signature is a two-dimensional surface, and the curve(s)
have only discrete symmetries.

11



For n > 2 points, we can usethe two-point moving frame (5.3) to construct the
additional joint invariants

Yo 71 H,=Kkz i zok cosA,; Vi 71 1=Kz i zyk sinA;

whereA, = 9(z,i 2421 Zo). Therefore, a complete systemof joint invariants
for SE(2) consistsof the anglesA,, k , 2, and distanceskz, i zyk, k, 1. The
other interpoint distancescan all be recovered from these angles; vice versa,
giventhe distances,and the signof oneangle,onecanrecover all other angles. In
this manner, we establisha \First Main Theorem" for joint Euclidean di®ererial
invariants.

Theorem 20 |If n, 2, then everyn-point joint E(2) di®erential invariant is
a function of the interpoint distanceskz; j z k and their invariant derivatives
with respect to (5.8). For the proper Euclidean group SE(2), one must also
include the sign of one of the angles,say A, = (2,1 25;21 i Zp)-

Generic three-pointed Euclidean curvesstill require rst order signature invari-
ants. To createa Euclidean signature basedertirely on joint invariants, we take
four points z;;;z,; Z; on our curve C %2 R 2. There are six di®erert interpoint
distance invariants

a=kz; i zyk; b=kz,i zyk; c=kz;i z5k;

5.9
d=kz,i z; k; e=kz;i z; k; f=Kkzzi 2,k 9

which parametrize the joint signature $= @(C) that uniquely characterizesthe
curve C up to Euclidean motion. This signature hasthe advantage of requiring
no di®ereniation, and so is not sensitive to noisy image data. There are two
local syzygies

©,(a;b;c;d;e;f) = 0; ©,(a;b;c;d;e;f) = O; (5.10)

among the the six interpoint distances. One of theseis the universal Cayley{
Menger syzygy

- 2a? @+ R & a?+ P -
detZa?+ ? d? 2 P+ 2 f22=0; (5.11)
a2+ & P+ cdf? 2¢

which is valid for all possiblecon gurations of the four points, and is a conse-
guenceof their coplanarity, cf. [2, 25. The secondsyzygy in (5.10) is curve-
dependent and senesto e®ectiely characterize the joint invariant signature.
Euclidean symmetries of the curve, both cortinuous and discrete, are charac-
terized by this joint signature. For example,the number of discrete symmetries
equalsthe signature index | the number of points in the original curve that
map to a single, genericpoint in S.

A wide variety of additional cases,ncluding curvesand surfacesin two and
three-dimensional spaceunder the Euclidean, equi-atne, atne and projective
groups, are investigated in detail in [32].
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