ECE334 HOMEWORK 2: SOLUTIONS TO QUESTIONS 1,2,3
1 [linear independence and bases] Prove that in a vector space of dimension n, every set of n linearly
independent vectors is a basis.
Let the set of n linearly independent vectors be {vy,va, -+, v,}. Let 2 be any vector. Then {z, vy, va,- -, v}
is a set of m + 1 vectors in a vector space of dimension n. The dimension n is defined to be the maximum
number of linearly dependent vectors. Therefore {x, vy, vs, -, v,} is linearly dependent. That is, there are
scalars A\g, A1, -+, Ap, not all zero, such that

Ao + Avr + v + -+ Apu, =0

It is impossible that Ay = 0 since this would imply that {vi,ve,---,v,} are linearly dependent which
contradicts our initial assumption. Therefore we can divide by Ag and conclude that x is a linear combination
Of {Ula V2, Un}:

= —(A/Ao)vi — (A2/Ao)va — - = (An/Ao)vn
or, rewriting, there are scalars pq, o, - - -, p, with
T = 1 + pova + - -+ fpUs (1)
We have shown that any vector x is a linear combination of {vi,ve,---,v,}. To finish proving that
{v1,v2, - -,v,} is a basis we also need to show that the linear combination is unique. Suppose that x

is also given by the linear combination
T = pyvr + phva + -+ Uy (2)
Subtracting (2) from (1) gives
0= (1 — py)vi + (2 — pa)v2 + -+ + (o — ) Vn

Since {v1,va,--,v,} are linearly independent, this implies that y; — p} = 0 and p; = pf; for j = 1,---n.
We have proved that {vy, v, -+, v,} is a basis.

2 [change of basis| Let a be a linear map R®* — R® and {ey, 2, e3}, {f1, f2, f3} be bases for R®. {f1, fa, f3}
is related to {eq,ez,e3} by fj =D, Pjrexr, j = 1,2,3 where P is an invertible matrix. The matrix A of
a with respect to the basis {e1, ez, e3} is given by a(e;) = >, Aijei, j = 1,2,3. Derive the formula for
the matrix of o with respect to the basis {f1, f2, f3}-
To obtain the matrix A of a with respect to the basis {f1, f2, f3} we need to work out a(f;) as a linear

combination of {f1, f2, f3}. (A satisfies a(f;) = D, Ajofe)

olfj) =a (Z ijek) = Pualer) =) P ) Aue (1)
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Now we need to express {e;,ez,e3} in terms of {fi, f2, f3}. Suppose that e; = >, Qirfi. We claim that
Q=P
€i = ZQiEfZ = ZQMZPZ]EJ' = ZZQingjej
¢ i J i ¢

so that Y, QiePr; = 0;; and Q = P~1. Equation (1) becomes

a(fy) =Y P Y A Qife
k i ¢
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Therefore A = Doik Q%AikPg;, or, in matrix notation,

A=QTAPT = pT~' ApT



3 [direct sum and bases] Let V and W be vector spaces with corresponding bases {v1,vs,...v;} and
{w1,wa, ... wi}. Prove that {vi,va,...vj, w1, ws,... wy} is a basis of V@& W and deduce that
dimension(V @& W)=dimension(V)+dimension(W). Give an example to show that it is not generally
true that dimension(V + W)=dimension(V')+dimension(W).

Let « be any vector in V @ W. Then, by definition of V 4+ W, z = v+ w for vin V and w in W. v in V
implies that v = Ajv1 + Aava +- -+ Aju; and w in W implies that w = w1 + pows + - - - + prwi. Therefore

xe\1v1+)\2v2+~~-+/\jvj+u1w1+M2w2+~-~+ukwk (1)
Thus any vector x is a linear combination of vy, va,...v;, w1, wa,. .. wg.

To finish showing that {vq, va, ... Vj, W1, W, . . . wy } is a basis, we need to show that linear combination
(1) is unique. Suppose also that

T = N1+ Ny + -+ + Ny 4+ pywy + pyws + -+ - 4wy (2)
Subtract (2) from (1) and rearrange to obtain
(A1 = ADvr + (A2 = Ava + -+ (A = Nvj = (ph — p)wr + () — p)we + -+ (g — p)wi (3)

The left hand side of (3) is in V' and the right hand side of (3) is in W, so both sides are in V N W. But
V @ W is a direct sum and so VNW = {0} and the left and the right hand side of (3) must both be zero.
Since {v1,v2,...v;} is linearly independent, (A\; — X)) = 0 and A\; = X] for ¢ = 1,---,j. Similarly, since
{w1,ws,...wg} is linearly independent, u; = p} for ¢ = 1,---, k. Therefore the linear combination (1) is
unique.



