
ECE334 HOMEWORK 2: SOLUTIONS TO QUESTIONS 1,2,3
1 [linear independence and bases] Prove that in a vector space of dimension n, every set of n linearly

independent vectors is a basis.
Let the set of n linearly independent vectors be {v1, v2, · · · , vn}. Let x be any vector. Then {x, v1, v2, · · · , vn}
is a set of n + 1 vectors in a vector space of dimension n. The dimension n is defined to be the maximum
number of linearly dependent vectors. Therefore {x, v1, v2, · · · , vn} is linearly dependent. That is, there are
scalars λ0, λ1, · · · , λn, not all zero, such that

λ0x+ λ1v1 + λ2v2 + · · ·+ λnvn = 0

It is impossible that λ0 = 0 since this would imply that {v1, v2, · · · , vn} are linearly dependent which
contradicts our initial assumption. Therefore we can divide by λ0 and conclude that x is a linear combination
of {v1, v2, · · · , vn}:

x = −(λ1/λ0)v1 − (λ2/λ0)v2 − · · · − (λn/λ0)vn

or, rewriting, there are scalars µ1, µ2, · · · , µn with

x = µ1v1 + µ2v2 + · · ·+ µnvn (1)

We have shown that any vector x is a linear combination of {v1, v2, · · · , vn}. To finish proving that
{v1, v2, · · · , vn} is a basis we also need to show that the linear combination is unique. Suppose that x
is also given by the linear combination

x = µ′1v1 + µ′2v2 + · · ·+ µ′nvn (2)

Subtracting (2) from (1) gives

0 = (µ1 − µ′1)v1 + (µ2 − µ′2)v2 + · · ·+ (µn − µ′n)vn

Since {v1, v2, · · · , vn} are linearly independent, this implies that µj − µ′j = 0 and µj = µ′j for j = 1, · · ·n.
We have proved that {v1, v2, · · · , vn} is a basis.

2 [change of basis] Let α be a linear map R3 → R3 and {e1, e2, e3}, {f1, f2, f3} be bases for R3. {f1, f2, f3}
is related to {e1, e2, e3} by fj =

∑
k Pjkek, j = 1, 2, 3 where P is an invertible matrix. The matrix A of

α with respect to the basis {e1, e2, e3} is given by α(ej) =
∑

iAijei, j = 1, 2, 3. Derive the formula for
the matrix of α with respect to the basis {f1, f2, f3}.

To obtain the matrix Ã of α with respect to the basis {f1, f2, f3} we need to work out α(fj) as a linear
combination of {f1, f2, f3}. (Ã satisfies α(fj) =

∑
` Ãj`f`.)

α(fj) = α

(∑
k

Pjkek

)
=
∑

k

Pjkα (ek) =
∑

k

Pjk

∑
i

Aikei (1)

Now we need to express {e1, e2, e3} in terms of {f1, f2, f3}. Suppose that ei =
∑

k Qikfk. We claim that
Q = P−1.

ei =
∑

`

Qi`f` =
∑

`

Qi`

∑
j

P`jej =
∑

j

∑
`

Qi`P`jej

so that
∑

`Qi`P`j = δij and Q = P−1. Equation (1) becomes

α(fj) =
∑

k

Pjk

∑
i

Aik

∑
`

Qi`f`

=
∑

`

∑
i,k

PjkAikQi`

 f`

=
∑

`

∑
i,k

QT
`iAikP

T
kj

 f`

Therefore Ã =
∑

i,k Q
T
`iAikP

T
kj , or, in matrix notation,

Ã = QTAPT = PT−1
APT



3 [direct sum and bases] Let V and W be vector spaces with corresponding bases {v1, v2, . . . vj} and
{w1, w2, . . . wk}. Prove that {v1, v2, . . . vj , w1, w2, . . . wk} is a basis of V ⊕W and deduce that
dimension(V ⊕W )=dimension(V )+dimension(W ). Give an example to show that it is not generally
true that dimension(V +W )=dimension(V )+dimension(W ).

Let x be any vector in V ⊕W . Then, by definition of V + W , x = v + w for v in V and w in W . v in V
implies that v = λ1v1 +λ2v2 + · · ·+λjvj and w in W implies that w = µ1w1 +µ2w2 + · · ·+µkwk. Therefore

x = λ1v1 + λ2v2 + · · ·+ λjvj + µ1w1 + µ2w2 + · · ·+ µkwk (1)

Thus any vector x is a linear combination of v1, v2, . . . vj , w1, w2, . . . wk.
To finish showing that {v1, v2, . . . vj , w1, w2, . . . wk} is a basis, we need to show that linear combination

(1) is unique. Suppose also that

x = λ′1v1 + λ′2v2 + · · ·+ λ′jvj + µ′1w1 + µ′2w2 + · · ·+ µ′kwk (2)

Subtract (2) from (1) and rearrange to obtain

(λ1 − λ′1)v1 + (λ2 − λ′2)v2 + · · ·+ (λj − λ′j)vj = (µ′1 − µ1)w1 + (µ′1 − µ1)w2 + · · ·+ (µ′k − µk)wk (3)

The left hand side of (3) is in V and the right hand side of (3) is in W , so both sides are in V ∩W . But
V ⊕W is a direct sum and so V ∩W = {0} and the left and the right hand side of (3) must both be zero.
Since {v1, v2, . . . vj} is linearly independent, (λi − λ′i) = 0 and λi = λ′i for i = 1, · · · , j. Similarly, since
{w1, w2, . . . wk} is linearly independent, µi = µ′i for i = 1, · · · , k. Therefore the linear combination (1) is
unique.


