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Abstract

Sensornetworks have emergedas a fundamentally new tool for moni-
toring spatially distributed phenomena. This paper investigatesa strategy
by which sensornodes detect and estimate non-localized phenomenasuch
as \b oundaries" and \edges" (e.g., temperature gradients, variations in
illumination or contamination levels). A general classof boundaries, with
mild regularit y assumptions, is considered, and theoretical bounds on the
achievable performance of sensornetwork based boundary estimation are
established. A hierarchical boundary estimation algorithm is proposed
that achievesa near-optimal balance betweenmean-squarederror and en-
ergy consumption.

1 In tro duction

Sensornetworks have emergedasa fundamentally new tool for monitoring inac-
cessibleenvironments such as non-destructive evaluation of buildings and struc-
tures; contaminant tracking in the environment; habitat monitoring in the jun-
gle; and surveillance in military zones.Thesead hoc networks are envisioned to
be a collection of embeddedsensors,actuators and processors.We shall assume
that communication between sensorsis done in a wirelessfashion. Sensornet-
works are distinguished from more classicalnetworks due to strict limitations on
energyconsumption, the density of nodes,the simplicit y of the processingpower
of nodes and possibly high environmental dynamics. An important problem in
sensornetworking applications is boundary estimation. Considera network sens-
ing a �eld composedof two or more regions of distinct behavior (e.g., di�ering

� Supported by the National ScienceFoundation, grant nos. MIP{9701692 and ANI-0099148,
the O�ce of Naval Research, grant no. N00014-00-1-0390, and the Arm y Research O�ce, grant
no. DAAD19-99-1-0290.

ySupported by the Texas Instrumen ts Visiting Professorship.

1



mean values for the sensormeasurements). An example of such a �eld is de-
picted in Figure 1(a). Boundary estimation is the processof determining the
delineation betweenhomogeneousregions.

There are two fundamental limitations in the boundary estimation problem.
First, the accuracy of a boundary estimate is limited by the spatial density of
sensorsin the network and by the amount of noise associated with the mea-
surement process. Second,energy constraints may limit the complexity of the
boundary estimate that is ultimately transmitted to a desireddestination. The
trade-o� betweenaccuracyand energyconsumption can be characterizedas fol-
lows. Assumethat n sensornodes are arranged on an

p
n �

p
n square lattice

(assuming a planar, square sensor�eld). Suppose that the �eld being sensed
consistsof two homogeneousregions separatedby a one-dimensionalboundary
(lik e the casedepicted in Figure 1(a)). A broad classof boundariesis considered
in this paper. Speci�cally , we only assumethat the boundary is a Lipschitz
function[6, 3] or, more generally, has a box-counting dimension of one [9]. This
classincludes linear boundaries and other parametric curves, but also includes
boundaries that cannot be described parametrically.

Each sensornode makes a (noisy) measurement of the �eld. Under these
assumptions,there will be O(

p
n) nodes lying on the boundary. The boundary

nodes provide a description of the boundary to within a resolution of 1=
p

n.
Noise present in the measurements limits the achievable accuracy of a bound-
ary estimate. It is known that, under the assumptionson the classof bound-
aries above, the mean-squareerror (MSE) cannot, in general,decay faster than
O(1=

p
n) [6, 3]. That is, no estimator (basedon centralized or distributed pro-

cessing)can exceedthis convergencespeed-limit. It is important to point out
that if one restricts the classof boundaries,then faster decay rates are certainly
possible. For example, if one assumesthat the boundary is a line, then the
problem is a parametric estimation problem and the rate of decay is O(1=n).
Assuming a line or parametric curve is, of course,very restrictiv e (and proba-
bly unreasonablefor natural phenomena),and therefore this paper focuseson a
much more generalclassof boundaries.

To quantify the total energy required to transmit a boundary estimate of
this accuracy, note that each boundary node must send one messageto the
desired destination (indicating that it is on the boundary). Thus, the total
energy required to transmit the boundary description is O(

p
n). Combining

theseresults yields a fundamental trade-o� betweenaccuracyand energyof the
form

MSE �
1

Energy
:

This tradeo� doesnot take into consideration the additional energy required to
determine whether a sensoris in fact a boundary. It is important to note that
this relation should not be interpreted to mean that a �xed number of sensor
nodesusing more energycan provide more accuracy. Rather, both the MSE and
the energy consumption are functions of the number of sensornodes, and the
above relation indicates how the accuracy and energy consumption behave as
the density of nodes increases.Also, note that if a boundary can be described
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parametrically, then the energy required to transmit the description is propor-
tional to the number of parameters, and does not depend on n. However, as
discussedabove, the aim here is to avoid such restrictiv e parametric assump-
tions. The boundariesof interest may not admit exact parametric descriptions,
and therefore the accuracy of the boundary description and transmission cost
both grow as density of nodes increases.

This paper explores the basic trade-o� between MSE and energy consump-
tion, as functions of node density. We propose and develop a boundary es-
timation algorithm based on multiscale partitioning methods. The algorithm
is quite practical and maps nicely onto a sensornetwork architecture. More-
over, we demonstrate theoretically that our method nearly achievesthe optimal
MSE/Energy trade-o� discussedabove. The theory hinges on an application
of our extension [5] of the Li-Barron bound for complexity regularized model
selection [8] to bound the MSE and on a recent concentration inequality for
chi-squared distributions to bound the expected energy consumption [7]. Since
our method (nearly) achieves the optimal trade-o� above, no other schemecan
be devised that will (asymptotically) perform signi�cantly better. Simulation
experiments verify the predicted theoretical performanceof our method.

1.1 Related Work

Due to the nascenceof sensor network research, there is a limited literature
concerning boundary estimation for such networks. At �rst glance, boundary
estimation (or boundary detection) has goals that are similar to that of edge
detection in image processing.However, a major distinction exists. Due to en-
ergy constraints, processingthe entire \image" simultaneously is impractical,
and hencea single node doesnot have accessto all of the sensormeasurements.
In [2], several techniques basedon averaging and thresholds are developed and
comparedfor boundary detection. All of the techniquesrely on the collection of
measurements from sensorneighbors within a probing radius, R. The authors
note that the performanceof their methods will improve as the probing radius
increasesat the expenseof communication cost. To contrast with our approach,
we systematically increasethe probing radius, however our communication cost
does not increaseas O(R2) due to the fact that lower dimensional statistics
(versusall measurements) are passedto nodeswithin the sensornetwork hierar-
chy; and, furthermore, messagesare only passedto clusterheadsrather than all
nodes.

The data collection algorithm in [4] sharesmany featureswith our proposed
boundary estimation method. A hierarchical compressionscheme is considered
where clusterheadsaggregatemeasurements from children nodesand then pass
signal estimates to the next layer in the hieararchy. Our objective, herein, is to
analytically determine the estimation capability of a tree-basedboundary esti-
mation scheme which is penalized by communication costs. We note that the
schemeof [4] doesnot explicitly optimze the description of the phenomenabeing
encoded (in our case,a boundary) and thus su�ers in terms of the error between
the estimated boundary and the true boundary; however, the communication
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(a) (b) (c) (d)

Figure 1: Sensingan inhomogeneous�eld. (a) Points are sensorlocations. The
environment has two conditions indicated by the gray and white regionsof the
square. (b) the sensornetwork domain is partitioned into squarecells. (c) Sen-
sorswithin the network operate collaboratively to determine a pruned partition
that matches the boundary. (d) Final approximation to the boundary between
the two regionswhich is transmitted to a remote point.

cost is lessened.With our scheme,we can systematically tradeo� betweencom-
munication cost and reconstruction error by increasing the penalty associated
with communication.

2 Problem Form ulation and Approac h

The basic problem is illustrated in Figure 1. Our objective is to consider mea-
surements from a collection of sensorsand determine the boundary betweentwo
�elds of relatively homogeneousmeasurements.

We presume a hierarchical structure of \clusterheads" (see e.g. [4]) which
managemeasurements from nodesbelow them in the hierarchy. Thus, the nodes
in each squareof the partition communicate their measurements to a clusterhead
in the square. Index the squaresat the �nest scaleby row and column (i; j ).
The clusterheadin square(i; j ) computesthe averageof thesemeasurements to

obtain a value x i;j � N
�

� i;j ; � 2

m i;j

�
, where� i;j is the meanvalue, � 2 is the noise

variancefor each sensormeasurement, and mi;j is the number of nodesin square
(i; j ). Thus we assumesensormeasurements that have a Gaussiandistribution.
For simplicit y, we assumemi;j = 1. The random distribution is to account for
noise in the system as well as for the small probabilit y of node failure (outlier
measurements).

Our approach to the boundary estimation problem is to devisea hierarchi-
cal processingstrategy that enables the nodes to collaboratively determine a
non-uniform rectangular partition of the sensordomain that is adapted to the
boundaries. Speci�cally , the desired partition will have high, �ne resolution
along the boundary, and low, coarseresolution in homogeneousregions of the
�eld, asdepicted in Figure 1. The partition e�ectiv ely providesa \staircase"-lik e
approximation to the boundary. Similar strategies have been recently investi-
gated to handle edgesin images[3, 10] and decisionboundaries in classi�cation
problems [9]. The advantage of our approach is that, under mild conditions
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on the smoothness of the boundary curve, we can establish upper bounds on
the MSE of the estimator using theoretical tools we have developed in previous
work. Theseupper boundscan be usedto tune the trade-o� betweendata �tting
and the complexity of the boundary estimate. The complexity of the boundary
estimate relates directly to energyconsumption in the network.

Our approach is as follows. Let us take the sensordomain to be the unit
square [0; 1]2. Partition the domain into n sub-squaresof sidelength 1p

n , as

shown in Figure 1(b). The sidelength 1p
n is the �nest resolution of our analysis.

In principle, this initial partition can be generatedby a a recursive dyadic parti-
tion (RDP). First divide the domain into four sub-squaresof equal size. Repeat
this processagain on each sub-square. Repeat this 1=2log2 n = J times. This
gives rise to a completeRDP of resolution 1p

n (the rectangular partition of the
sensingdomain shown above in Figure 1(b)). The RDP processcan represented
with a quadtree structure. The quadtree can be pruned back to produce an
RDP with non-uniform resolution as shown in Figure 1(c). The key issuesare:
(1) How to implement the pruning processin the sensornetwork; (2) How to
determine the best pruned tree. Here, we discussthe �rst issue,and the second
issuewill be investigated in later sectionsof the paper.

Let Pn denote the set of all RDPs, including the initial complete RDP and
all possibleprunings. For each RDP P 2 Pn , there is an associated quadtree
structure (generally of non-uniform depth corresponding to the non-uniform res-
olution of most RDPs). The leafsof each quadtree represent dyadic (sidelength
equal to a negative power of 2) squareregionsof the associated partition. For a
given RDP and quadtree, each sensornode belongsto a certain dyadic square.
We consider thesesquares\clusters" and assumethat one of the nodes in each
squareservesasa \clusterhead," which will assimilateinformation from the other
nodesin the square. Notice that if oneconsidersall RDPs in Pn , then each sen-
sor node actually belongsto a nested hierarchy of 1=2log2 n dyadic squaresof
sidelengths 1p

n ; 2p
n ; 4p

n ; : : : ; 1, respectively. Thus, wehavea hierarchy of clusters
and clusterheads.

Considera certain RDP P 2 Pn . De�ne the estimator of the �eld as follows.
On each squareof the partition, averagethe measurements from the sensorsin
that squareand set the estimate of the �eld to that averagevalue. This results
in a piecewiseconstant estimate, denoted by � , of the �eld. This estimator will
be comparedwith the data x = f x i;j g. The data themselvesare undesirablefor
two reasons.First, they are noisy and averaging over larger regionswill reduce
the noise. Second,the unprocesseddata x will require the maximum amount of
energy to transmit to the destination. Our empirical measureof performanceis
the sum-of-squarederrors between� = � (P) and the data x = f x i;j g.

R(� ; x) =

p
nX

i;j =1

(� (i; j ) � x i;j )2 ; (1)
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De�ne the complexity penalizedestimator

b� n = arg min
� (P ): P 2P n

R(� (P); x) + 2� 2p(n)j� (P)j; (2)

where � 2 is the noise variance, j� (P)j denotes the total number of squaresin
the partition P, and p(n) is a certain monotonically increasing function of n
that discouragesunnecessarilyhigh resolution partitions (appropriate choicesof
p(n) will be discussedin the sequel). It is well known that the optimization in
(2) can be solved using a bottom-up tree pruning algorithm in O(n) operations
[1, 3, 10]. This is possiblebecauseboth the sum-of-squarederrorsand the penalty
are additiv e functions, and therefore the squarederror plus penalty cost can be
separatedinto terms associated with each individual squareof the partition � .
The hierarchy of clusterheadsfacilitates this processin the sensornetwork. At
each level of the hierarchy, the clusterheadreceives the best sub-partition/sub-
tree estimates from the four clusterheadsbelow it, and comparesthe total cost
of theseestimateswith the cost of the estimate equal to the averageof all sensors
in that cluster.

3 Upp er Bounds on Ac hiev able Accuracy

We begin by recalling a fundamental upper bound on expectederror of complex-
it y penalized estimators, like that in (2). This particular bound was originally
developed for mixture density modeling [8], and we later extended it to more
general settings [5]. Here we state a specialized version of the bound, tailored
to the estimator proposedin (2).

Let � n denote the set of all possiblemodels of the �eld. This set contains
piecewiseconstant models (constant on the dyadic squarescorresponding to one
of the partitions in Pn ). The constant valuesare in a prescribed range [� R; R],
and are quantized to k bits. The rangecorrespondsto the upper and lower limits
of the amplitude range of the sensors. The set � n consistsof a �nite number
of models (a bound on the number of partitions is derived in the Appendix).
Assumethat p(n) satis�es the summability condition (Kraft inequality)

X

� 2 � n

e� p(n ) j � j � 1 ; (3)

whereagain j� j denotesthe number of squares(alternativ ely weshall call this the
number of leafs in the pruned tree description of the boundary) in the partition
� . It is shown in the Appendix that p(n) � 
 logn satis�es (3). Let b� n denote
the solution to

b� n = arg min
� 2 � n

R(� ; x) + 2� 2p(n)j� j; (4)

where, as before,x denotesthe array of measurements at the �nest scalef x i;j g,
and j� j denotesthe number of squaresin the partition associated with � . This
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is essentially the sameestimator as de�ned in (2) except that the valuesof the
estimate are quantized in this case.

Let � �
n denote the true value of the �eld at resolution 1=

p
n (i.e., � �

n (i; j ) =
E [x i;j ]). Then, applying Theorem 7 in [5], the MSE of the estimator b� n is
bounded above according to

1
n

p
nX

i;j =1

E
� �

b� n (i; j ) � � �
n (i; j )

� 2
�

�

min
� 2 � n

1
n

8
<

:
2

p
nX

i;j =1

(� (i; j ) � � �
n (i; j ))2 + 8� 2p(n)j� j

9
=

;
(5)

The upper bound involvestwo terms. The �rst term, 2
P p

n
i;j =1 (� (i; j ) � � �

n (i; j ))2,
is a bound on the bias or approximation error. The secondterm, 8� 2p(n)j� j, is
a bound on the varianceor estimation error. The bias term, which measuresthe
squarederror betweenthe best possiblemodel in our classand the true �eld, is
generally unknown. However, if we make certain assumptionson the smooth-
nessof the boundary, then the rate at which this term decays as function of the
partition size j� j can be determined.

Assumethat the �eld being sensedis composedof homogeneousregionssep-
arated by a one-dimensionalboundary. If the boundary is a Lipschitz function
[3, 10] or more generally has a box-counting dimension (closely related to Haus-
dorf dimension) of 1, then by carefully calibrating quantization and penalization
asdiscussedin the Appendix (taking k � 1=4logn and setting p(n) = 2=3logn)
it follows that

1
n

p
nX

i;j =1

E
� �

b� n (i; j ) � � �
n (i; j )

� 2
�

� O

 r
logn

n

!

: (6)

This result shows that the MSE decays to zero at a rate of
p

logn=n. This
rate cannot be signi�cantly improved by any estimator. From [3, 6] we know
that for Lipschitz boundaries, the minimax rate is O(1=

p
n), which shows that

our estimator is within a square-root of a logarithmic factor of the best possible
convergencerate. The minimax rate is the fastest rate of convergenceachievable
with any estimator (\min") for the most challenging (\max") Lipschitz bound-
ary. Faster rates of decay are theoretically possible if one assumesthat the
boundary is even smoother. As an extreme case,supposethe boundary can be
exactly described parametrically (e.g., a line). Then the boundary problem is
one of parameter estimation and the rate of convergenceis O(1=n). Extensions
of our approach are possiblewhich can take advantage of smoother boundaries,
which may provide convergencerates approaching the parametric rate. These
extensionsare part of our ongoing work and will be discussedin Section 6.
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4 Accuracy-Energy Trade-o�

A key characteristic of our proposedmethod is the explicit consideration of the
cost of communication in the construction of the tree describing the boundary.
Energy consumption is de�ned by two communication costs: the cost of com-
munication due to the construction of the tree (in-network cost) and the cost of
communicating the �nal boundary estimate (out-of-network cost). We will show
that the expectednumber of leafsproducedby our algorithm is O(

p
n), and that

the in-network and out-of-network energy consumption is proportional to this
number. Recall that the rate of decay for the MSE is MSE �

p
logn=n. There-

fore, ignoring the logarithmic factor, the accuracy-energytrade-o� required to
achieve this optimal MSE is roughly MSE � 1=Energy: Contrast this trade-
o� with that of a naive approach in which each of the n sensorstransmits its
data, directly or by multiple hops, to an external point. In this case, the in-
network and out-of-network energy costs are O(n), which lead to the trade-o�
MSE � 1=

p
Energy; since we know that no estimator exists that can result in

an MSE decaying faster than O(1=
p

n). Thus, our proposedhierarchical bound-
ary estimation method o�ers substantial savings over the naive approach while
optimizing the tradeo� betweenaccuracyand complexity of the estimate.

4.1 Out-of-net work Comm unication Cost

It is clear that the out-of-network communication cost is proportional to the �nal
description of the boundary, thus it is of interest to compute the expectedsizeof
the tree, or E [jb� j]. Each decision in the pruning processis basedon comparing
the complexity and �tness of an averagevalue to the data in a certain dyadic
square to that of the best subpartition model for that square (passedup from
the bottom).

An upper bound on E[jb� j] is derived in the Appendix. The upper bound is
basedon the probabilit y of pruning or not pruning at each node for our hierarchi-
cal algorithm. If no boundary is present, then the probabilit y of pruning at each
node can be bounded from above by the tail probabilit y of a certain chi-square
distribution. The chi-square distribution arisesfrom the assumedGaussianob-
servation model and the sum-of-squarederrors criterion usedin pruning. Using
another upper bound for the tail probabilit y, we show in the Appendix that if
no boundary is present in the square under consideration, and with a penalty
p(n) = 2=3logn, the probabilit y of not pruning tends to zero as n increases.
This implies that E [jb� j] ! 1 as n ! 1 . Thus, for large sensornetworks, the ex-
pectednumber of leafs(partition pieces)in the casewhere there is no boundary
(simply a homogeneous�eld) is one.

To consider the inhomogeneouscase where a boundary does exist, if the
boundary is a Lipschitz function or has a box counting dimension of 1, there
existsa pruned RDP with at most C0p n squares(leafs) that includesthe O(

p
n)

squaresof sidelength1=
p

n that the boundary passesthrough (seethe Appendix
for a fuller discussionof this property). Thus an upper bound on the number of
leafs required to describe the boundary in the noiselesscaseis given by C0p n.
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In the presenceof noise,we can usethe results above for the homogeneouscase
to bound the number of spurious leafs due to noise (zero as n grows); as a
result, for large sensornetworks, we can expect at most C0p n leafs in total.
Thus, the expected energy required to transmit the �nal boundary description
is Energy = O(

p
n).

4.2 In-net work Comm unication Cost

The in-network communication cost is intimately tied to the expected size of
the �nal tree, as this value determines how much pruning will occur. We have
seenabove that the out-of-network cost is proportional to

p
n and herein we

shall show that the in-network communication cost is alsoO(
p

n). At each scale
2j =

p
n, j = 0; : : : ; 1=2log2 n � 1, the hierarchical algorithm passesa certain

number of data or averages,nj , corresponding to the number of squaresin the
best partition (up to that scale),up the tree to the next scale. We assumethat
a constant number of bits k, is transmitted per measurement. These k nj bits
must be transmitted approximately 2j =

p
n meters (assumingthe sensordomain

is normalized to 1 square meter). Thus, the total in-network communication
energy in bit-meters is:

E = k
1=2 log 2 n � 1X

j =0

nj 2j =
p

n:

In the naive approach, nj = n for all j , and thereforeE � kn. In the hierarchical
approach, �rst consider the casewhen there is no boundary. We have already
seenthat in such casesthe tree will bepruned at each stagewith high probabilit y.
Therefore, nj = n=4j and E � 2k

p
n. Now if a boundary of length C

p
n is

present, then nj � n=4j + C
p

n. This producesE � k(C + 2)
p

n. Thus, we see
that our hierarchical algorithm results in E = O(

p
n).

5 Simulations

We next present representativ e simulation results on the e�cacy of the proposed
boundary estimation algorithm. Weconsidereda host of sensornetwork densities
observing the same phenomenon. Sensornetworks of size 4k for k = 2; � � � ; 8
distributed over a square meter were considered. The sensorsoperated in an
environment with three di�eren t noise levels (� 2 = 1; 10; 100). In Figure 2 (a),
we seethe mean-squarederror (MSE) as a function of the network size (which
relatesdirectly to density). The MSE is averagedover 50realizationsof the noise.
As predicted by the theoretical results, we seethe expected decay in MSE. The
in-network communication cost as scaledby the distance traveled is provided in
Figure 2(b). As predicted, this cost is proportional to

p
n. Figure 2(c) shows

the averagesizeof the boundary estimate (number of leafs) as a function of the
network size and a line �t to the data. This plot corresponds to the out-of-
network communication costs. We seethat the predicted bounds for both costs
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Figure 2: (a)Estimation accuracyasa function of the total number of nodes. (b)
In-network communication cost as a function of the total number of nodes. (c)
Out-of-network communication cost, E [jb� j], as a function of the total number of
nodes.

are in fact conservative, and in practice the constant in O(
p

n) is quite modest
(here it is 4 � 6). The �nal partition size (and hencethe communication cost)
decreasesas the noisevariance increasesdue to the fact that the overall penalty
is a function of the noise variance. Thus as the noise variance increases,it is
more likely that pruning will occur.

Figure 3 shows single realizations of the boundary estimation processfor
three resolutions/sensornetwork densities. The penalty function employed was
that derived in the Appendix and we seethat the resultant boundary estimates
o�er the desiredtradeo� betweenaccuracyand energyconsumption.

6 Conclusions and Ongoing Work

In this work, we have proposeda method for boundary estimation in sensornet-
works. The boundary estimate is determined via complexity regularization of a
hiearchical tree-basedestimation method. We demonstrated theoretically that
our method nearly achievesthe optimal trade-o� MSE � 1=Energy, which shows
that no other scheme can be devisedthat will (asymptotically) perform signif-
icantly better. Simulation experiments agreed very well with the theoretical
predictions. In future work we plan to investigate more sophisticated bound-
ary estimation techniques basedon \w edgelets" [3] and \platelets" [10]. These
methodologiesare also basedon hierarchical partitions and trees, but have ad-
ditional 
exibilit y which allows for a more parsimonious description of smooth
boundariesand smooth variations in the mean of homogeneousregions. We are
also currently incorporating the e�ects of imperfect wirelesssignaling into our
theoretical framework and simulation studies. Finally, we are investigating the
issueof tracking a slowly time-varying boundary.
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7 App endix

7.1 Num ber of RDPs in P

Recall the classP of RDPs under consideration(all RDPs resulting from pruning
PJ , the uniform partition of the unit squareinto n squaresof sidelength 1p

n ). In
order to ensurethat the Kraft inequality (3) is satis�ed, we need to determine
how many RDPs there are in P. More speci�cally , we will need to know how
many partitions there are with exactly ` squares/leafs. Notice that since the
RDP is basedon recursive splits into four, the number of leafs in every partition
in P is of the form ` = 3m+ 1, for someinteger0 � m � (n� 1)=3. The integerm
correspondsto the number of recursive splits. For each RDP having 3m + 1 leafs
there is a corresponding partially ordered sequenceof m split points (at dyadic
positions in the plane). In general, there are

� n
m

�
� n !

(n � m )! m ! possibleselections
of m points from n (n corresponding to the vertices of the �nest resolution
partition, PJ ). This number is an upper bound on the number of partitions in
P with ` = 3m + 1 leafs (since RDPs can only have dyadic split points).

7.2 Kraft Inequalit y

Here we show that with k (recall that k is the number of bits employed per
transmission) and p(n) properly calibrated, we have

X

� 2 � n

e� p(n ) j � j � 1 : (7)

Let � (m )
n denote the subsetof � n consisting of models basedon ` = 3m + 1 leaf

partitions. Begin by writing

X

� 2 � n

e� p(n ) j � j =
(n � 1)=3X

m =0

X

� 2 � ( m )
n

e� (3m +1) p(n )

�
(n � 1)=3X

m =0

�
n
m

�
(2k )3m +1 e� (3m +1) p(n )

�
(n � 1)=3X

m =0

nm

m!
(2k )3m +1 e� (3m +1) p(n )

=
(n � 1)=3X

m =0

1
m!

e[m log n +(3 m +1) log (2 k ) � (3m +1) p(n )] :
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If A � m logn + (3m + 1) log(2k ) � (3m + 1)p(n) < � 1 (then eA < e� 1) , then
we have

X

� 2 � n

e� p(n ) j � j � 1=e
(n � 1)=3X

m =0

1
m!

� 1 :

To guarantee A < � 1, we must have p(n) growing at least like logn. Therefore,
set p(n) = 
 logn, for some
 > 0. Also, as we will seelater in the next section,
to guarantee that the quantization of our models is su�cien tly �ne to contribute
a negligible amount to the overall error we must select 2k � n1=4. With these
calibrations we have

A = [(7=4 � 3
 )m + (1=4 � 
 )] logn

In order to guarantee that the MSE convergesto zero, we will seein the next
section that m must be a monotonically increasingfunction of n. Therefore, for
n su�cien tly large, the term involving

�
1
4 � 


�
is negligible, and the condition

A < � 1 is satis�ed by 
 > 7=12. We take 
 = 2=3 in practice.

7.3 Rate of MSE Decay

Consider a complete RDP with m2 squaresof sidelength 1=m. It is known that
if the boundary is a Lipschitz function, or more generally has a box counting
dimension of 1, then the boundary passesthrough ` � Cm of the squares,for
someconstant C > 0 [3, 10, 9]. Furthermore, there exists a pruned RDP with
at most C0m leafs, where C0 = 8(C + 2), that includes the above ` squaresof
sidelength 1=m that contain the boundary [3, 9].

Now consider the upper bound (5), which as stated earlier follows as from
an application of Theorem 7 in [5].

1
n

p
nX

i;j =1

E
� �

b� n (i; j ) � � �
n (i; j )

� 2
�

� min
� 2 � n

1
n

8
<

:
2

p
nX

i;j =1

(� (i; j ) � � �
n (i; j ))2 + 8p(n)j� j

9
=

;

� 2
Z

[0;1]2
(� � � � )2 + 8

7
12

logn
n

C0m ;

where the discretizedsquarederror is boundedby the corresponding continuous
counterpart. The squarederror

R
[0;1]2 (� � � � )2 � K 1

m + K 2p
n , where the �rst term

is due to the error betweenthe 1=m resolution partition along the boundary, and
the 1=

p
n term is due to the quantization error overall. Thus, the MSE behaves

like

MSE � O(1=m) + O(1=
p

n) + O
�

m
logn

n

�
:

Taking m �
q

n
log n producesthe desiredresult: MSE � O(

p
logn=n):
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7.4 Exp ected Tree Size for Homogeneous Field

We construct an upperbound for E [jb� j] under the assumption of a homogeneous
�eld with no boundary. Let P denote the tree-structured partition associated
with b� . Note that becauseP is an RDP it can have d + 1 leafs (pieces in the
partition), whered = 3m, m = 0; : : : ; (n � 1)=3. Therefore, the expectednumber
of leafs is given by

E[jb� j] =
(n � 1)=3X

m =0

(3m + 1) Pr
�

jb� j = 3m + 1
�

:

The probabilit y Pr
�

jb� j = 3m + 1
�

canbeboundedfrom aboveby the probabilit y
that one of the possiblepartitions with 3m + 1 leafs, m > 0, is chosenin favor
of the trivial partition with just a single leaf. That is, the event that one of the
partitions with 3m + 1 leafs is selectedimplies that partitions of all other sizes
were not selected,including the trivial partition, from which the upper bound
follows. This upper bound allows us to bound the expected number of leafs as
follows.

E [jb� j] �
(n � 1)=3X

m =0

(3m + 1) # m pm ;

where # m denotes the number of di�eren t (3m + 1)-leaf partitions, and pm

denotesthe probabilit y that a particular (3m+ 1)-leaf partition is chosenin favor
of the trivial partition (under the homogeneousassumption). The number # m

can be boundedabove by
� n

m

�
, just as in the veri�cation of the Kraft inequality.

The probabilit y pm can be bounded as follows. Note this is the probabilit y
of a particular outcome of a comparison of two models. The comparison is
made between their respective sum-of-squarederrors plus complexity penalty,
as given by (2). The single leaf model has a single degreeof freedom (mean
value of the entire region), and the alternate model, based on the (3m + 1)-
leaf has 3m + 1 degreesof freedom. Thus, under the assumption that the data
are i.i.d. zero-meanGaussiandistributed with variance � 2, it is easy to verify
that the di�erence betweenthe sum-of-squarederrors of the models (single-leaf
model sum-of-squaresminus (3m + 1)-leaf model sum-of-squares)is distributed
as � 2W3m , where W3m is a chi-square distributed random variable with 3m
degreesof freedom (precisely the di�erence between the degreesof freedom in
the two models). This follows from the fact that the di�erence of the sum-of-
squarederrors is equal to the sum-of-squaresof an orthogonal projection of the
data onto a 3m dimensional subspace.

The single-leaf model is rejected if � 2W3m is greater than the di�erence
betweenthe complexity penalties associated with the two models; that is, if

� 2W3m > (3m + 1)2� 2p(n) � 2� 2p(n) = 6m� 2p(n);

where2� 2p(n) is the penalty associated with each additional leaf in P. According
to the MSE analysis in the previous section, we require p(n) = 
 logn, with
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 > 7=12. To be concrete,take 
 = 2=3, in which casethe rejection of the single-
leaf model is equivalent to W3m > 4m logn. The probabilit y of this condition,
pm = Pr (W3m > 4m logn), is bounded from above using Lemma 1 of Laurent
and Massart [7]: If Wd is chi-squaredistributed with d degreesof freedom, then
for s > 0

Pr (Wd � d + s
p

2d + s2) � e� s2 =2:

Making the identi�cation d + s
p

2d + s2 = 4m logn producesthe bound

pm = Pr (W3m > 4m logn) � e� 2m log n + m
p

3=2(4 log n � 3=2) :

Combining the upper bounds above, we have

E[jb� j] �
(n � 1)=3X

m =0

(3m + 1)
�

n
m

�
e� 2m log n + m

p
3=2(4 log n � 3=2) ;

=
(n � 1)=3X

m =0

(3m + 1)
�

n
m

�
n� m e� m log n + m

p
3=2(4 log n � 3=2) :

For n � 270 the exponent � logn +
p

3=2(4 logn � 3=2) < 0 and therefore

E [jb� j] �
(n � 1)=3X

m =0

(3m + 1)
�

n
m

�
n� m ;

�
(n � 1)=3X

m =0

(3m + 1)
nm

m!
n� m ;

�
(n � 1)=3X

m =0

(3m + 1)=m! < 11:

Furthermore, note that asn ! 1 the exponent � logn+
p

3=2(4 logn � 3=2) !

�1 . This fact implies that the factor e� m log n + m
p

3=2(4 log n � 3=2) tends to zero
when m > 0. Therefore, the expected number of leafs E [jb� j] ! 1 as n ! 1 .
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Figure 3: E�ect of sensornetwork density (resolution) on boundary estimation.
Column 1 is the noisy set of measurements, Column 2 is the estimated boundary,
and Column 3 is the associated partition.
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